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Josephson (001) tilt grain boundary junctions of high temperature superconductors
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We calculate the critical current I. across in-plane (001) tilt grain boundary junctions of high
temperature superconductors. We solve for the hole-doped tight-binding electronic states in each
half-space, and weakly connect the two half-spaces by either specular or random Josephson tunnel-
ing. We treat both symmetric and fully asymmetric junctions with s-, extended-s, or d,2_,2-wave
order parameters. Many d,2_,2-wave results are in qualitative disagreement with the analogous
Sigrist-Rice forms used extensively to interpret “phase-sensitive” experiments.
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Because of its relation to the mechanism for super-
conductivity in the high temperature superconducting
compounds (HTSC), there has long been a raging de-
bate regarding their orbital symmetry of the super-
conducting order parameter (OP)A234 Only “phase-
sensitive” experiments involving Josephson tunneling
can distinguish the OP from the non-superconducting
pseudogap 142 Although the first in-plane phase-
sensitive experiment on YBasCusO7_s (YBCO) sug-
gested a dominant s-wave OP/S experiments using
tricrystal films of YBCO, BisSraCaCusOsgys (Bi2212),
and Nd; g5Cep.15Cu0445 (NCCO), and tetracrystal films
of YBCO and Las_,;Ce;CuO4_, suggested that these
materials had a dominant d,2_,2-wave OPp1:7:8.9.10,11

Very different results were obtained for c-axis junc-
tions. Low temperature T c-axis Josephson junctions
between Pb and YBCO, Bi2212, and NCCO suggested
varying amounts of an s-wave OP component 12:13:14.15
More recently, three Bi2212 c-axis twist Josephson junc-
tion experiments showed that the OP has at least a sub-
stantial, and possibly a dominant s-wave component for
T up to the transition temperature T, 4:16:17:18.19 Here we
investigate if there might be a theoretical, as well as an
extrinsic, reason for these qualitatively different results.

To date, the only theoretical treatments of in-plane
(001) tilt GB junctions have used either the simplis-
tic Ginzburg-Landau (GL) treatment;2% or made the as-
sumptions that the in-plane Fermi surface (FS) had a
circular cross-section, and that neither the FS-restricted
dy2_2-wave OP o cos(2¢y) nor the F'S details differed on
the junction interfaces from their bulk values2t Here we
explicitly take account of the tight-binding hole FS ob-
served using angle resolved photoemission spectroscopy
and of the surface boundary conditions (BC’s) at the in-
terfaces. We find that a d,2_,2-wave OP can be consis-
tent with the tricrystal experiments, but not for specu-
lar GB tunneling, implying that defects play an essential
role in the experimentsd An important modification to
the tetracrystal experiment is also warranted.2

We let 0; for i = L, R be the angles the x; axes on
the left (L) and right (R) sides make with the normal to
a straight GB interface, Fig. 1. GL treatments of the
Josephson current I for a d,2_,2-wave OP yielded for

FIG. 1: Plots of I.(6)/I1.(0) for symmetric and asymmetric
junctions with a d,2_,2-wave OP in the straight and faceted
GL models. Inset: Sketch of a (001) tilt GB junction.

straight and faceted GB’s, 720
It =I5 cos(201) cos(20R) sin(6¢), (1)
I = Ihcos[2(0 + 0r)]sin(69)/2, (2)

where d¢ = ¢ — ¢r is the OP phase difference across
the GB. These have the form I = Ijsin(d¢), where the
critical current I, = |Ip]. Iy > 0 and I < 0 are the
“0-” and “m-junction” cases, as I = I sin(d¢ + 7) in
the latter. For asymmetric junctions, 6, = 60,0r = 0,
597(0) /157 (0) = cos(20). For symmetric junctions,
0, = 0r = 0, I;77(0)/1577 (0) = cos®(26), cos(48), re-
spectively. These GL results shown in Fig. 1 differ qual-
itatively from our microscopic results for HTSC.

To calculate I across an in-plane GB, we modify our
previous technique for c-axis tunneling.22 We assume the
Fourier transform of the quasiparticle Green function ma-
trix in the bulk of the ith superconductor is
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where w is a Matsubara frequency, k is the wave vec-
tor on the ith GB side, A(k) is the respective two-
dimensional (2D) gap function, a is the tetragonal in-
plane lattice constant, J)|, 4 and v are parameters defin-
ing the chemical potential and in-plane dispersion, re-
spectively, and 7; are the Pauli matrices. We take
E(KkY) = &o(kY) +J L [1—cos(kis)], where s is the c-axis re-
peat distance. Here we are mainly interested in the two-
dimensional (2D) limit J; = 0. For the tight-binding
F'S appropriate for Bi2212, FS2, we take Jj; = 500 meV,
p = 0.6, and v = 1.3, and set & (k%) = 022 A nearly
circular FS, FS3, is obtained with p = 1.0 and v = 0.22

Next, we construct the half-space Green function ma-
trices on the ith side of a straight (001) tilt GB. We
let n and € be unit vectors normal and parallel to the
GB satisfying € x n = 2, as sketched in Fig. 1. Let-
ting k‘i‘ =k;-&and k| = k; - n, we set kfl = (kﬁ,ki),
ki = kj_ cosb; — k‘i‘ sin f;, and k; = kﬁ_ sin 0; + kﬁ cos b;.
The lack of translational invariance requires a discrete
indexing of the lattice planes along no. Thus, for integers
n,m,
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where kﬁ = (kﬁ,ki
90° > 6; > 0°, aﬂ_ = qa for 6; = 0°,90° are the respective
lattice plane separations along 1. We choose the GB
interface between lattice planes 1 and 0 and set n,m > 1,
n,m < 0 for ¢ = R, L, respectively. Suppressing the k:ﬁ
and w dependencies, we construct each surface gn,, from
a combination of the G,,, that obeys the free surface
boundary conditions (BC’S) Gmo = Jon = 0 for n,m > 1
and Gm1 = Gin = 0 for n,m < 0, obtaining22:23

) and the @’ /a = min(cos 6;, sin ;) for

form,n>1, (5)
form,n <0. (6)
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We then paste together the two half-space layered su-
perconductors. We set A(k') = exp(i¢;)ReA(k?) and
define g2 to be the (pg)th matrix element of the rank 2
matrix gnm, with ¢; = 0. To leading order in the general
tunneling matrix element J. J(kﬁ, kﬁ"), we obtain

4eT _

kﬁ,kﬁ,w
xGoo (kff,w) sin(d¢), (7)

where A is the junction area, e is the electron charge,
8¢ = ¢r, — ¢r, —7/s < ki < 7/s, —w/afl < k‘i‘ < w/afl,
and the ai, = a®/a’ are the lattice constants along é.
Experimentally for large misalignment angles 6 > 20°,
I.(9) < 1.(0)2 justifying this weak tunneling assump-
tion, although the approximation is less accurate for

o 1
......

s,

asymmetric R
0R=0, 9L=0

o=

10 20

30 40
0 (deg)

FIG. 2: Plots of log,, |1.(0)/Io| for asymmetric junctions with
Or =0, 0z = 0, for s- (black), extended-s- (blue), and d,2_,2-
wave (red) superconductors, for specular (solid) and random
(dashed) tunneling. The d-wave curves satisfy I.(45° —0) =
—1I.(0), but the s- and extended-s-wave curves satisfy I.(45° —
0) = I.(0).

small 6. Since the effects induced by the GB to the real-
space dy2_,2-wave pairing interaction are formidable,
here we only treat the surface BC effects, and discuss
the effects of self-consistency elsewhere.24 We include the
limiting cases of specular (or coherent) tunneling, where
kﬁ" = kﬁ , and random (or incoherent) tunneling, where

klll% and k:ﬁ are independent, writing2?
|1 (K({, k)P = |J3p|25kﬁ,kﬁf4+ 7512 (8)

Since lattices on opposite sides of straight (001) tilt GB
junctions are generally incommensurate, random tunnel-
ing processes are important. Faceting and other imper-
fections provide additional random processes.26:27:28

In Fig. 2, we present our results obtained from Eq.
[@) for the low-T' I, across asymmetric junctions, 6 = 0,
01, = 0, including the tight-binding FS2 and the surface
BC effects. In this case, we assumed the dg2_,2- and
extended-s-wave OP’s to have the bulk real-space pairing
forms Ag(T)[cos(kLa) — cos(k}a)] and Ag(T)]| cos(kia) —
cos(kia)|, respectively. ~The ordinary-s-wave OP is
Ao(T), independent of k.22 We take Ag(0) = 10 meV in
our calculations, which implies a maximum d-wave OP of
20 meV. In Fig. 2, we plotted log,, |1.(6)/Io|, where Iy =
4e|J7|?/[asAF(0)], 4e| J5 [ /[a*s* AE(0)], respectively.®
The dashed (solid) curves are the results for specular
(random) tunneling, respectively. The specular d-wave
junction behaves as a m-junction only for 14.9° < 0 < 45°
and 75.1° < 0 < 90°. We also investigated the role of J
for the d-wave case. For random GB tunneling, as J, in-
creases to 40 meV, the broad peak in I.() becomes much
flatter, and for much larger J, I.(f) non-monotonically
approaches the GL result o cos(260). For specular tun-
neling, J;, = 10 meV yields d-wave results nearly identi-



cal to those pictured for J;, = 0. Increasing J, beyond
J10 =40 meV eliminates the regions for 0 < 6 < 45°
of m-junctions, so that the overall region of 7-junctions
are for 45° < 6§ < 90°, as for the GL case. Hence, for
J1 < J1g, the specular, tight-binding asymmetric GB d-
wave results are qualitatively different than the GL ones.

In Fig. 3, we present the analogous results for symmet-
ric junctions. In this case, the specular d-wave junction
behaves as a w-junction for 39.4° < 6 < 50.6°, but is
a O-junction otherwise. For random tunneling, the sym-
metric d-wave junction behaves similarly to the straight
GL model, Eq. (@), as both have I.(45°) = 0 but never
behave as m-junctions. However, the d-wave GL facet
model, Eq. (2), has Ig (45°) = —15(00), which is qualita-
tively different.” We note from Figs. 2, 3 that for small
angle (0 < 6 < 5°), specular junctions, the extended-
s and dy2_,2-wave OP’s lead to indistinguishable I.(6).
However, for random tunneling, the d-wave I.(6) is much
smaller than the extended-s-wave I.(6).

In Fig. 4 we compare our specular I.(0)/1.(0) d-wave
results with the surface BC’s with those obtained from
the bulk Green functions. We compare those results ob-
tained with the tight-binding FS2 for asymmetric (Fig.
2) and symmetric (Fig. 3) junctions, and also our re-
sults for symmetric junctions obtained with the nearly
circular FS3. For both symmetric GB cases, there are
no regions in 0° < 0 < 45° of m-junctions for the bulk
calculations. Including the surface effects, these sym-
metric GB cases have m-junctions for 39.4° < 4 < 50.6°
and 29.2° < # < 55.8° for FS2 and FS3, respectively.
For asymmetric junctions with FS2, the bulk calculation
leads to weak m-junctions for 23.7° < 6 < 28.3° with
a negative slope at 45°, yielding additional 7-junctions
for 45° < 0 < 61.7° and 66.3° < 0 < 90°. The surface
BC’s greatly enhance the magnitude and range of such
m-junctions to 14.9° < 6 < 45° and 75.1° < 6 < 90°, and
change the sign of the slope at 45°. Thus, we conclude
that the surface BC effects cannot be ignored, and the
GL d-wave models for straight and faceted junctions are
qualitatively incorrect for FS2.29

We remark that the ordinary-s- and extended-s-wave
OP’s lead to I.(0) values that are comparable to each
other for both tunneling mechanisms. However, for the
dg2_,2-wave OP, random tunneling leads to a suppres-
sion of I.(0) by a factor of 461 from that of the ordinary-
s-wave OP. This suggests that I.(0) for the d,2_,2-wave
OP with weak, random tunneling is unlikely to be consis-
tent with the large values observed experimentally across
low-angle (001) tilt junctions2 The broad peak in I.(6)
for the d-wave OP with random tunneling for both asym-
metric and symmetric is also inconsistent with most ex-
perimental data. On the other hand, the d-wave OP
with specular tunneling does show a rapid decrease in
1.(0)/1.(0) with increasing 6, in agreement with low-
angle experiments;2 but vanishes at 14.9° and 39.4°, re-
spectively, unlike the experiments.2

We also calculated I.(0) at low T across GB’s with the
nearly circular FS3. For asymmetric GB’s, our d-wave
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FIG. 3: Plots of log, |1c(6)/Io| for symmetric junctions with
Oy = 0 = 0, for s-, extended-s-, and d,2_,2-wave supercon-
ductors. Also shown is the specular d-wave curve (solid green)
for r = —0r = 0. All curves satisfy I.(45° — 0) = 1.(6).

1.0 e
08\ N\ FS3, symmetric
0.6 \\\ESZ, symmetric
— 1 S
S, 04
=. 0.21
c 4
= 0.0/
.02/  FS2, asymmetric
-0.4] surface
0 10 20 30 40

0 (deg)

FIG. 4: Plots of 1.(0)/1.(0) for the d,2_,2-wave OP with
specular tunneling, with (solid) and without (dashed) the sur-
face boundary conditions, for symmetric GB junctions with
FS2 (red) and FS3 (black), and for asymmetric GB junctions
with FS2 (blue).

results agree with the GL model, I.(0)/I1.(0) = cos(26),
for both specular and random tunneling, but for the lat-
ter, I.(0) nearly vanishes for a d-wave OP. For symmetric
GB’s, with random tunneling, 1.(6)/I.(0) =~ cos?(26), as
in the GL model for straight symmetric junctions (Fig.
1).

Tricrystal experiments were performed for a variety
of hole-doped superconductors 272 Tricrystal (a) con-
sists of one asymmetric 0°/60° junction and two 0°/30°
junctions. Tricrystal (b) consists of two 0°/71.6° junc-
tions and one symmetric 18.4°/18.4° junction. Tricrys-
tal (c) consists of two asymmetric 0°/73° junctions and
an asymmetric 2°/32° junction! Assuming a predom-
inant d2_,2-wave OP/ our results show that tricrystal



(a) would have two 7-junctions if the tunneling were spec-
ular, and one 7w-junction if it were random. Tricrystal
(b) should have no m-junctions, as claimed. Tricrystal
(c), if the 2°/32° junction can be approximated by an
asymmetric 0°/34° junction, would have one w-junction
for specular tunneling, and two m-junctions for random
tunneling. Since it was claimed that an odd number of
m-junctions leading to a spontaneous half-integral flux
quantum was observed only in tricrystal (a)22 our re-
sults are only consistent with those observations if the
tunneling is non-specular.

Tetracrystals consisting of highly twinned thin films
of YBCO and LCCO containing a symmetric 0°/0°
junction and a 45°/ 4+ 45° junction, plus two symmet-
ric 22.5°/22.5° junctions were madeA%il For compar-
ison, they also made bicrystals with two symmetric
22.5°/22.5° junctions. We also calculated the asymmet-
ric case 0r = —0r = 0 for a d >_,»-wave OP, and our
results are presented in Fig. 3. Random tunneling leads
to the same curve pictured for symmetric junctions. The
case for specular tunneling including the surface BC’s is
shown by the green solid curve, and at 45°, is opposite in
sign to the symmetric junction case. If the tunneling were
non-specular, as required for the d-wave interpretation of
the tricrystal experiments, then the 45°/ 4 45° junction
would have the smallest (or vanishing, for random tun-
neling) J value for a d-wave OP. If instead the tunneling
were specular, then that junction would allow a small
but significant J value, but would behave either as a pi-
or O-junction, respectively, for a d-wave OP. Thus, this
tetracrystal would have an odd number of w-junctions

for specular tunneling and a d-wave OP, but no super-
current for random tunneling. For a highly twinned thin
film junction, both specular and random tunneling across
the 45°/445° junction would lead to J = 0 for a d,2_-
wave OP, contrary to the claims in the experiment 2 The
other two junctions would not be 7-junctions. Thus, the
interpretation put forward by those authors should be re-
examined, as the w-junction could arise extrinsically from
defects in this very imperfect 45°/+45° junction 121 We
urge that the experiment be redesigned in the form of a
tricrystal, omitting the 45°/ + 45° junction.

In summary, we calculated the critical current I. versus
(001) in-plane tilt angle € for symmetric and asymmetric
grain boundary junctions, assuming the order parame-
ter has either the s-, extended-s-, or d,>_,2-wave form.
We used the Fermi surface appropriate for hole-doped
cuprates, and took account of the surface boundary con-
ditions appropriate for the interfaces. Our results differ
qualitatively with those obtained from Ginzburg-Landau
models, 720 and indicate that the tricrystal experiments
can only be understood for a dj2_,2-wave OP with non-
specular tunneling. However, that interpretation is in-
consistent with the tetracrystal experiments on similar
materials, and leads to a I.(f) inconsistent with many
experiments.2 However, it has been suggested that the
experimental I.(6) observed can only be understood in
terms of interface defects, regardless of the OP.2Z Such
defects may be the source of the observed m-junctions
in the tricrystal and tetracrystal experiments, account-
ing for the apparent inconsistency between those and the
c-axis bicrystal and cross-whisker experiments 4:16:17:19
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