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The ability to tune the strength of the attractive interaction in trapped Fermi
gases is revealing the nature of superfluidity (and supercatuctivity) in a hith-
erto unexplored regime. Within the last few years we have witessed the dis-
covery of strongly interacting Fermi gases; over the last ya we have found
strong evidence for their superfluidity. These interactinggases appear at in-
termediate coupling and are the most complex. We do not knowhie nature
of the fermionic and bosonic excitations and, until recent} (I), measurements
of temperature have been problematic, largely because of éhabsence of the-
oretical guidance. This paper probes these fundamental q@ions through
studies of thermodynamics, leading to good quantitative agement with ex-

periment (). cond-mat/0411090

It is now widely believed that superfluidity has been obsér@z3,4,5) in trapped atomic
gases containing fermionic atoms at micro-Kelvin tempees. This superfluidity is closely
connected to superconductivity, which is a very commorestimetals at low temperatures,
of the order of tens of Kelvin. Of great interest is the faattthis superfluidity may also

connect to the less well understood phenomenon of high teatye superconductivity6f.
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Our understanding of conventional superconductors ischasea remarkable theory called the
Bardeen-Cooper-Schrieffer (BCS) theory. However, thenatagases have a new capability,
not found in metallic superconductors. Via magnetic fiellse can tune the strength of the
attractive interaction by coupling to a Feshbach resonén&9). This attractive interaction
is what causes fermions to pair up into bosonic-like sta@oper pairs). Ultimately these
bosons are driven by their statistics to condense at teryperB.. BCS theory is based on a
simple ground state wavefunction, in the presence of veigkvattraction. Importantly, some
years agolI0) it was shown that this same wavefunction (or mean field giatate) can be
contemplated for arbitrary attraction, thereby effectingrossover from BCS theory to Bose
Einstein condensation (BEC).

The theoretical community is in the midst of unraveling tiaéune of these fermionic super-
fluids (11,12,13,14,15,16,17,18,19) with particular emphasis on the strongly interacting Ferm
gas P0). Indeed, one might argue that the well studied BCS and BE@diare special cases
and that the more robust limit of superfluidity correspora¢his intermediate coupling case.
Via collective mode(17,[16) and radio frequency (RF) spectroscopy studis,(reasonably
strong theoretical support has been found for the BCS-lieefunctionL0) which describes
this crossover, at least semi-quantitatively. What pedgiss the nature of the excitations from
this ground state is the topic of the present paper. In thegs®of addressing this issue we are
able, (in conjunction with recent experimerii3)( to help provide a theoretical calibration of
the experimental thermometry, and elucidate the thermaahycs.

Unlike the situation in condensed matter systems, for th#sscold gases direct thermom-
etry is less straightforward. Experimentally, “temperatus conventionally measured in the
(T > T,) BCS or weak attraction regime, by fitting density or atomiementum distribution
profiles to that of a non-interacting Fermi g&53). In the opposite BEC regime, temperature

can be deduced by fitting the Gaussian wings of density psof#). Thus, it is convenient



to describe a given intermediate regime which is accessidbatitally, by giving the initial
temperature at either endpoint. In order to determine tthizbatically accessed temperature,
one needs precise knowledge of the entr8ms a function ofl’ from BCS to BEC.

Without doing any calculations one can anticipate a numbggatures of thermodynamics
in the crossover scenario. The excitations are entirelphiosn the BEC regime, exclusively
fermionic in the BCS regime, and in between both types oftakon are present. In the so-
called one-channel problem the “bosons” correspond to oraahensed Cooper pairs, whereas
in two-channel models, these Cooper pairs are stronglyidiigled with the molecular bosons
of the closed channel, singlet state. Beldwthe presence of the condensate leads to a single-
branch bosonic excitation spectrum, which, at intermedaupling is predominantly com-
posed of large Cooper pairs. These latter bosons, as “pnefbpairs”, are also present above
T., and are associated with a fermionic excitation gap (or ¢gsgap [6,22)). This is to be
distinguished from the “gap” of BCS theory, which vanishega

The unitary regime, where the inter-atomigvave scattering length diverges, is the most
interesting to the community20). Importantly, in the ultracold fermion gases near uniyari
experimental evidence for a pseudogap, consistent witbetipeeformed pairs, has been re-
ported recentlyiZ3,124). Within the conventional mean field ground state, and dverentire
crossover regimeZb) below 7., the bosons have dispersioy = h*q?/2M*. This form for
the dispersion reflects the absence of direct boson-boseraations. Rather the bosons are
presumed to interact only via the fermions. This grouncesitthus, limited to a regime where
the fermions are still in evidence. The reasonably good sprantitative agreement between
experimentall4,5,[26) and theoreticall(/,[16) collective mode studies suggests that there ex-
ists a near-BEC regime, where the mean field ground statefwasteon is adequate. At some
stage, when the fermionic degrees of freedom become iaetedirect inter-boson interactions

must be accounted for and they will alter the collective mbeeavior [(8). While, our focus



in this paper is on the unitary case, when we refer to “BEC” warict our attention to this
experimentally accessibld,5) (or near-BEC) regime.

As long as the attractive interactions are stronger thasetlod the BCS regime, these non-
condensed pairs must show up in thermodynamics, as muststhelpgap in the fermionic
spectrum. These are two sides of the same coin. In the absérc&ap, and quite gener-
ally, for T < T*, whereT™ is defined as the pseudogap onset temperature Tith> T,

there is a finite gap\ for fermionic excitations. At and belo,. these fermions have disper-

sion By = /(e — p)? + A2, wheree, = h*k?/2m and i are the atomic kinetic energy and
fermionic chemical potential, respectively. That this gamon-zero aff,. in the Bogoliubov
quasi-particle spectruniy, differentiates the present approa@®)(from all other schemes
which address BCS-BEC crossover at firflite The bosons, by contrast, are gapless in the su-
perfluid phase, due to their vanishing chemical potentiaithwWa trap, and in the fermionic
regime (for whichy > 0), the fermionic component will have a strong spatial inhgereity

via the spatial variation of the gap. Thus, in contrast toltbmogeneous case, fermions on
the edge of the trap, which have relatively small or vaniglexcitation gapg\, will contribute
power law dependences to the thermodynamics. These sarmefecgs have been invoked in
analyzing recent RF experimen3([15).

It is relatively straightforward to compute the thermodymeal properties of the BCS-BEC
crossover system within a consistent many-body theéfyZ8) based on the conventional mean
field state. Our formalism was also applied to explain eaRE experiments by Kinnunegt
al (15). We note that although a one-channel model is a good appsatiin in the unitary
regime and for broad resonances, one needs the two-chamagl 1g2) discussed here, in
order to accurately describe the BEC regime. As expecte@ @@ two contributions to the
entropy (and energy) arising from fermionic,5; and bosonic,S, excitations. To address

the thermodynamics in the trap, we need to integfatend £ over the trap, where we use
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Figure 1: Entropy per atom as function of temperature fded#t values of the dimensionless
paramete(kra)~'. Herea is the inter-atomig-wave scattering length;- is the Fermi wave
vector, and is the noninteracting Fermi temperature at the trap cefter.curvegkra)™! =
—1.88, 0, and2 correspond to the BCS, unitary, and BEC cases, respectively

previously calculated29) profiles of the various gaps and the particle density as etifum of
the radius.

Figure[l illustrates the behavior Sfover the entire crossover regime. The magnetic field is
contained in the dimensionless paramétesa) !, which increases with field. Here- is the
Fermi wave vector. As can be seen in the figure, the fermiomieep laws are particularly evi-
dent in the high field or BCS regimék(ra)~' = —1.88), where the edge fermions behave like
a normal Fermi gas and lead to a linfadependence iy over a wide range of temperatures.
As T is further raised, the entropy exhibits a slower than liréaependence, as the chemical

potential drops to O; here the system is no longer a degenEeaitni gas. For high fields, the

bosonic degrees of freedom are essentially irrelevant.



By decreasing the magnetic field, we tune from the BCS-liggne towards unitarity. We
first consider lowl’ where fermions become paired over much of the trap. Thosaitatp
fermions which are present are at the edge. They tend to denthe thermodynamics as-
sociated with the fermionic degrees of freedom, and, ingmtly in a trap, lead to a higher
powers (than linear) in theif’ dependence. The contribution from excited pairs of fermion
(Cooper pairs at finite momentum) is associated wiit¥& dependence of entropy on temper-
ature which dominates for temperatufésl» < 0.05 or 7'/T. < 0.2. In general, the overall
exponent of the lowil” power law varies with magnetic field, depending on the magteitof
the gap and temperature, as well as the relative weight wiiégric and bosonic contributions.
In the superfluid phase, at all but the lowest temperatunesermions and bosons combine to
yield S o T2 precisely at resonancé-a)~* = 0). We will focus on a “near unitary” case here
((krpa)~' = 0.11), for which S oc T'%. This corresponds to being slightly below the resonance,
by about 1% of the resonance width.

At the other extreme, at sufficiently high ~ 7%, the entropy approaches that of the non-
interacting system. It is appropriate to think of this temgpere as the “pseudogap onset”
temperature; it lies significantly abovi for the unitary case shown heré.(7» = 0.27,

T* =~ 0.5TF). This temperature should be associated with the openiagnafrmal state exci-
tation gap which reflects the formation of meta-stable paites. Interestingly, in the unitary
regime, I is not far away from the break-down of Fermi degeneracy, Wwhicurs whem ~ 0
orT/Tr =~ 0.6.

As the field decreases further below the resonafit¢erapidly increases and the system
ultimately enters the near-BEC regime. Here we see a ptnepower law inS at low T,
associated with the quadratig?] bosonic dispersion relation. This is to be contrasted with
the 7% dependence found by Williams and co-worketd)(who considered non-interacting,

but trapped, fermions and bosons. Similarl{{"a dependence is found for true bosons in a
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Figure 2: Comparison of present theory (lines) and experimgymbols) of Refll) in terms
of F/Er as a function ofl’/Tr, for both unitary (kra)~' = 0.11) and noninteracting cases,
with Gaussian trap potential having trap dep{i £ = 14.6 as in experiment. The fact that the
two experimental (and the two theoretical) curves begirefasate beloW™ > T. is consistent
with the presence of a pseudogap.

trap, in the presence of boson-boson interactifi@ (To establish th@/? power law found
here it is important to note that there is no direct bosomhosoupling, and that fermion-
boson interactions are responsible for the vanishing,of in the the superfluid regions. The
latter implies that, within a trap, the associated powerslamwthe entropy are the same as
those of the homogeneous system, as found elsewhere intadrelantext[d3). Clearly, the
groundstate ansatz will be inapplicable at some point wherfdrmionic degrees of freedom
have completely disappeared, and the gas is deep in the RfiGae

We test these consequences of the mean field ground statg i Which shows a compar-

ison of the associated energy versus temperature for théntenacting and unitary regimes,



as compared to recent experimental ddja (To make contact with experimerit)(here we
consider a realistic Gaussian trap potenfialy) = V;[1 — e-™~"*/20]. The broad Feshbach
resonances in botiK and®Li allow us to tune the magnetic field{ra)~' = 0.11 ], slightly
away from resonance so that the unitary gas paramter—0.49) (20,11), has the same value
as in experiment. Consistent with Ref),(the experimental unitary data were first converted
to the units of noninteracting Fermi energy. = kg1 by a simple rescaling of both energy
and temperature by'1 + 3. This figure shows that both the unitary and non-interaatimges
coincide aboveél ™, although belowl, they start out with different power laws. In the figure
the experimental temperature data is recalibrated. Suebadilbration only affects the temper-
ature scales fof’ < T.. The recalibration was performed by applying the same éxysrtal
fitting procedureZ8) to the theoretically obtained density profil@3). Agreement between
theory and experiment is very good over the full temperatarge shown. The observation
that the interacting and non-interacting curves do nota@dauntil temperatures significantly
aboveT, is consistent with (although it does not prove) the existesf@a pseudogap with onset
temperature from the figurB* ~ 27... Very similar effects are seen in the thermodynamics of
high temperature superconductd@s (Note that the superfluid transition will manifest itsedf a
a change in power law exponent acr@ssvhen Fig[2 is plotted on a log-log scale, as shown in
Fig. S4 28).

Finally, Fig.[3 presents a blow-up of the low temperaturamegof the previous figure.
Although the theoretical calculations are for a spherinat, highly asymmetric trag30), the
agreement between theory and experiment is very good. Tusefireflects the fact that the
thermodynamics at oW is governed by a combination of two contributions: from taeriions
at the edge of the trap and from the pair excitations of thelensate.

In this paper we have laid the groundwork for characterizivey“bosonic” and fermionic

excitations and for measuring temperature in the stromggracting Fermi gas; we have done
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Figure 3: Low temperature comparison of present theory apdrenents of Ref.d) in terms

of E/Er as a function ofl'/Tr, for both unitary and noninteracting cases, with Gaussim t
potential, as in Fid.12.

this by addressing both thermodynamical and density prdéita [). These experimental and
theoretical studies represent a necessary first step, Oelyemitial discovery stage, in arriving
at an understanding of the fermionic superfluids. The googleagent with experiment suggests
that the present theory based on the widely studéz@5,[15,[17,[16) mean field ground state

provides a quantitatively reasonable description of tleerttodynamics of strongly interacting

Fermi gases in traps.
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Our calculations are based on the standard mean field graatel(®). In this way we differ
from other work2,[3) at finite temperatures. Elsewhel4,6) we have characterized in quanti-
tative detail the characteristic gdp and pseudogagp,, energy scales. The pseudogap (which
is to be associated with a hybridized mix of noncondensetditar pairs and molecular bosons)
and the superfluid condensate (sc) called, add in quadrature to determine the fermionic ex-
citation spectrumA?(T) = A2 (T) + A2 (T'). Our past work@,5,6) has primarily focussed
belowT.. Here we extend these results, albeit approximately, aipveOur formalism has
been applied below, with some success by Kinnunenal (7) to measurements of the pairing
gap in RF spectroscopy. A more precise, but numericallydessssible method for addressing
the normal state was given in Re8)(

For generality, we consider the two channel Hamiltonian imcl there are both molecu-
lar or Feshbach bosons (FB) and finite momentum Cooper rgiell as fermionic quasi-
particles. The condensate, like the bosonic excitationsulsl be viewed as a strongly hy-
bridized mixture of Cooper pairs and FB. In this two chanretyse the effective interaction
includes pairing in the open channel (¢ia and through the Feshbach resonance gyjiao that
the effective pairing strengt®(10) is given byU.;(Q) = U + ¢°Dy(Q) = U + %
whereU.;;(0) = U+25—:. Here@ = (i), q) is a 4-momentunt),, = 2n7T (n = integer) iS
the bosonic Matsubara frequency, aﬁgi: q*/4m represents the molecular boson dispersion.

Our self consistent equations, which have been preserded/ietre in some detaMl), can
be approximately extended abad¥eby including a self consistently determined non-vanishing
pair chemical potentialy,.;, (and its molecular bosonic counterpart,s.,). These self con-
sistent equations determine the unknowns?’), A,,(7'), the bosonic dispersiofil,, as well

asyt, tpair @NdLpeson. FOr Notational simplicity, we omit writing the trap poteitl/ () which

13



is to be added everywhere that the fermionic chemical pateagppears according to the LDA

LD

prescription:y — p — V (r).

Go(K) =——
G(K) = mm—
DO(K) — Ao
Uk ==-=--

D

Figure S1: Bosonic contribution to the thermodynamicaéptal. Herel7, (G) andD, (D) are
the “bare” (“full”) propagators associated with the fermsoand molecular Feshbach bosons,
respectively, andy i is the open-channel pairing interaction.

Our first equation represents the important defining coonlior the pair chemical poten-
tial: that the inverse pair propagator or T-matt{x)) at () = 0 is proportional tou,,;,, with
coefficient of proportionality given by a (inverse) “reselu”. (The various residues and 7,
which appear below can be readily computédi,({2), but are of no particular interest here).

Importantly, in the superfluid regions of the trag,i, = fioson = 0. We have

Ue_flf(o) + Z %g.ifjk) = Z,Upair ) (1)
k

where f(z) is the Fermi distribution function. The pseudogap contidoucan be written in

terms of the usual Bose distribution functibfx) by
1
A2 =2 b — fpair) - )

The total atomic numbeN is given by integrating the local density of particles;), which

14



can be written

n = 2”? + Zzb Z b<Qq - ,uboson)
+2) [l = f(Ew) +uif (Ex)] - (3)
k

wheren) = ¢*A2 /[(v — 2u + 2V (r))U]? is the molecular Bose condensate arjdvi are
the usual coherence factors which appear in BCS theory. HBisondensate term enters, in
conjunction with the open channel Cooper contributifg.§, to define the total order parameter
©,10,d): A,. = A, + |g\\/77§j. For simplicity, throughout we introduce unitg = 1, h = 1,
fermion massn = % Fermi momentunky = 1, and noninteracting Fermi energyr =
hw(3N)Y/? = 1 for a harmonic trap/ (r) = mw?r?/2, wherew is the trap frequencyl().

To obtain the entropy, we may start directly from the energy at a givEBnwhich can be
obtained from the underlying Green’s functions of the tgedtris more intuitive, however, to
begin with the corresponding thermodynamic potential civtielps to clarify the diagrammatic
scheme, and to relate it to the simpler model of R&4).( This potential contains fermionic
contributions from bare fermions),, and bosonic contribution,. The latter is, to a good
approximation[15), given by the sum of all possible ring diagrams shown in Bf. Each
diagram contains at least one bare boson line or one fernaorbpbble, associated with the
open channel. As in previous world)( our bubble diagrams involve one dressed and one
bare Green’s function. One can demonstrate self consist@taween our self energy diagrams
(@) and this thermodynamical potential by cutting differanek in the diagram of Figufe 51.
When we cut a boson line, we obtain the non-interacting bpsopagator and all self-energy
diagrams of bosons, which sum to give the fully dressed bpsgpagatoD (). When cutting
a fermion line, we will end up with the fermion self-energyagiams, which when combined
with the bare fermion propagat6f, (k') derived fromS2, will give the fully dressed fermion

propagator(z(K).
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After regrouping, we see that the energy and the entropy tvaveontributions, from fully
dressed fermions and from their bosonic counterparts. ifitésesting to note that the contri-
butions of Cooper pairs and molecular bosons add in such athedythey form exactly one
hybridized bosonic branch. THecal entropy is thus given by a sum of fermionic and hy-

bridized bosonic contributions:

S = Sp+S5,
Sy o= =2 [filn fi+ (1= fi) In(1 — f)].
k
Sy = = [byInby — (1+bg) In(1+ b)), (4)
q7#0
where f, = f(Ex), andb, = b(Qq — tweson); @ relatively small contribution associated with
theT" dependence df, is not shown for clarity. The fermion contribution coincgdeith the
standard BCS result for noninteracting Bogoliubov quasigas. And the bosonic contribu-
tion is given by the expression for non-directly-interagtbosons with dispersiofd,. These
bosons are not free, however; because of interactions htliermions their propagator con-
tains important self energy effects. It should be noted thas¢ to our approximated form for the
fermion self-energyr(K) = —A2Gy(—K), all finite momentum pairs are essentially treated
as if they were in the condensate in calculatifyg This simplification can be removed at the
cost of greater complexityi6,8) without substantially affecting the physics discusse@ him-
terestingly, the Cooper pair component is accommodatég which represents the hybridized
bosonic contribution.
After including the trap potential and internal binding egyeof the bosons, the local energy

can be decomposed into fermioni€) and bosonic £;) contributions and directly computed
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as follows
E = un(r)+E;+ E,

B = ) (iw, + & — u(r)G(K)

K

= Y 2Ecfi — (Ex — ac+ plr)] + A%x(0),

Eb - Z(Qq - ,Uboson)bq s (5)

q

wherep(r) = p— V(r), w, = (2n + 1)xT is the fermionic Matsubara frequency, and the pair
susceptibilityx (0) is given by the second term of the left hand side of Eb. (1). €arealso
calculate the entropy from the energy—= fOT %j—g We have verified that this gives the same
result as obtained from Eqg§l (4).

We have seen that both fermions and non-condensed bosanibatato thermodynamics.
It is of interest to decompose their contributions to thaltentropy and reveal their spatial
distributions. We illustrate this decomposition in Higl #82the unitary case(kra)~" = 0.11)
with 7" = T,./4. To make contact with experimerid) here we consider a realistic Gaussian
trap potential}/ (r) = Vp[1 — e=™<**/20] with trap depthl,/Er = 14.6 from experiment. It
can be seen that the fermionic contribution (red curvemtéd to the trap edge as expected,
since this is where the fermionic excitation gap is small.ddntrast the bosonic contribution
(green curve) is evenly distributed over the trap for alliratiwhich there is a condensate. This
contribution rapidly decays at larger distances. Sincddfaionic contribution depends on the
magnitude of the gap and temperatufehas a different lowl” power law exponent at different
(kpa)™t,

We next turn to the question of how to relate the theoretindl experimental temperature
scales. To do this, in a collaboration with the authors of. &), we subjected the theoreti-
cally derived density profile®j to the same Thomas-Fermi (TF) fitting procedure as was used

in experiment. Here two of the three dimensions of the sphktrap (8) were integrated
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Figure S2: Decomposition of total entropy(black curve) into fermionic{;, red) and bosonic
(Sy, green) contributions, for the unitary case and Gaussampotential. The insets plot the
excitation gapsi\(r) (black) and pseudogap energy,,(r) (green) in units of noninteracting
Fermi energyFr, and density distributions(r) in units of k3. Here Ry is the Thomas-Fermi
radius. The insets share the same horizontal axis as thefipaia.

over to obtain a one dimensional representation of the tepsifile. Our results are shown
in Fig.[S3. Quite remarkably, the TF-profile-deduced terapees exactly coincided with the
physical temperature abot¢. However, belows’, there was a systematic deviation so that the
fitted profiles appeared to be at lower temperatures thandabipally were. This is a conse-
qguence of condensate effects which lead to (albeit rathatlsdeviations from TF fits below
T.. This effect was compensated for in plotting the experimlegéta in Figs. 2 and 3 using
the calibration curve shown here. Without this compensatgreement between theory and
experiment for Fig. 3 in the text is reasonable, but not antpadively precise.

Finally, in Fig.[S# we present a log-log plot comparing tlyeand experiment in the same

fashion as in Ref.[d[7). This way of plotting the data also provides a more direcanseof
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Figure S3: Temperature calibration: Theory versus expartn?’/T} is the theoretical input,
whereT’ is the Fermi temperaturé. and are obtained using the fitting procedure in R&¥)(
andT is the experimental temperature parameter from the T-F Tit® red dotted line is the
diagonal.

locating T, as the temperature where the slope changes. Note that e dhange is quite

smooth, consistent with the presence of a pseudogap.
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Figure S4: Comparison of present theory (lines) and exparisn(symbols) of Ref/1{7) in
terms of £/ E, — 1 as a function ofl,; = T/(Tr\/1+ B3) on a log-log scale, for both unitary
and non-interacting cases, with Gaussian trap potentiaharap depth,/Er = 14.6 as in
experiment. The unitary data have been obtained ffdmy proper recalibration. The superfluid
transition for the unitary case is manifested as a slopeg#haorosy’,. Here £y = E(T = 0),
and Fr = kgTr is the noninteracting Fermi energy.
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