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ANALYSIS OF SO(2N) COUPLINGS OF SPINOR AND
TENSOR REPRESENTATIONS IN SU(N) x U(1)
INVARIANT FORMS

RAZA M. SYED
Department of Physics, Northeastern University, Boston, MA 02115-5000, USA

A review is given of a recently developed technique for the analysis of SO(2N)
invariant couplings which allows a full exhibition of the SU(N) invariant content of
couplings involving the SO(2N) semi-spinors |¥4+ > with chiralilty + and tensor
representations. We discuss the Basic Theorem used in the analysis and then
exhibit the technique by illustrative examples for the computation of the trilinear
and quartic couplings for the SO(10) case involving three generations of 16 plets
of matter.

1. Introduction
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In this paper we give a brief overview of a recently developed technique for

the computation of SO(2N) couplings of spinor and tensor representations
in SU(N) x U(1) invariant forms. These techniques are then specifically
applied in illustrative examples for the computation of SO(10) invariant
couplings when they are decomposed in SU(5) x U(1) invariant forms. The
analysis presented here is of relevance in view of the importance of SO(10)
as a grand unification group] of the electroweak and the strong interactions.
The techniques used are based on the oscillator method?=* and developed
further in Refs 949 while some related work can be found in Ref®. This
paper is thus essentially a brief summary of the works of Refs 9% The
outline of the rest of the paper is as follows: In Sec.2 we give a brief
discussion of the SO(2N) algebra, SO(2N) spinor representations for N
odd, form of SO(2N) invariant couplings, and specialization to the SO(10)
case. In Sec.3 we give a brief review of the new technique for the evaluation
of the SO(2N) invariant couplings in terms of SU(N) x U(1) invariant
forms. In this section we also discuss the Basic Theorem derived in Ref9.
In Sec.4 we specialize to the SO(10) case and give illustrative examples
of the computation of cubic couplings in the superpotential and in the
Lagrangian. These involve couplings 16 — 16 — 126 in the superpotential,
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and the couplings of 16 plets with 45 of gauge fields, i.e., the couplings
16 — 16 — 45, in the Lagrangian. . We also discuss a sample of SO(10)
invariant quartic couplings.

2. Spinor representations of SO(2N); N odd

In this section we will discuss the embedding of SU(N) in SO(2N). Fur-
ther, we list the general expressions for the group invariants formed from
different combinations of SO(2N) spinors. Finally, we specialize the results
to SO(10) grand unification group.

2.1. SO(2N) algebra in a basis

The 2V dimensional spinor, |¥ > of SO(2N) splits into two inequiv-
alent 2¥~1 dimensional semi-spinors, |¥(+) > under the action of the
chirality operator: |[¥ ) >= %(1 + To)|¥ > where Ty = iVT1T..T0N
and further T'g|¥ (1) >= £[W¥ 4y >. Here 'y (= 1,2,..,2N) define a rank
2N Clifford algebra with {I',, T} = 20,,, and ., = 2[[',,T,] are the
N(2N — 1) generators of SO(2N). Further, it is convenient to introduce
operators b; and b! such that {bi,b}} = 0;5, {bi,b;} =0 = {bj,b}}. The
semi-spinors, |¥(4) > of SO(2N) can be expanded in terms of reducible
antisymmetric SU(N) tensors M, N as follows

N-1 1 p
_ v t
ey >= D AMe [T ol0>,
p=0,2,.. q=24,..
N
(TR Y | IR 1)
oo . P ®) 1,3 K
p=1,9,.. q=1,3,..

where the p-index tensors can be reduced to (N — p)-index tensors as

1 i1
M(N-pyincipir = HeiN...ilM@ ’

ieipt _ g g
My = Myiy.ia (2)

2.2. SO(2N) invariant couplings
Couplings formed from ¥T and ¥ are given by
Sab < \I](:I:)a|1—‘[y1--1—‘up]|\1}(1)b > (I)M1~~Hp7 p=1,3, N (3)

gab < \Il(i)a|I‘[m..FHp]|\IJ(i)b > ‘I)#l__#p, p=0,2,..,N—-1 (4)
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where gqp is a coupling constant where a and b are family indices. ®,,,...4,
is a real antisymmetric tensor of SO(2N) with dimensionality (2N ). For
p=N

(I)#l--#N = A#l--#N + A#l»»#}vv

Z#l KN { ZV v
.. — :l:— . 1..UN ) 5
(AH1~~HN N!eﬂl»»m\f 1--UN Am..VN ( )
Both A and A have dimensionality %(%{,V ) The symmetry factor in the
exchange of identical W is gap = (— 1)210(10 Dgpe. Couplings formed from

UT and ¥ are given by

fap < \I/z:i)a|BF[H1"FHp]|\I/(i)b>|\ll(:F)b >q)#1--#p5 p=1, 35 ©0y N (6)

for < \Ijzci)a|BF[M1"Fup]|\Ij(:F)b > (I)‘ul__#p, p=0,2,.., N—-1 (7)

where B = Hﬁ;l I'y,—1 is the SO(2N) charge conjugation operator and
satisfies the relation EEVB = —3,, B where * indicates a 2V x 2V matrix

representation. The symmetry factor £, = (—1)%(N—P)(N—P—1)fba.

2.3. Specialization to SO(10) gauge group

We consider now the special case of SO(10) where ¥ (1) ~ 16,¥(_y ~ 16
under SO(10) D SU(5)®U(1). Here 16 D [1]® [5]@[10], 16 D [1]@[5] @ [10]
and 16 ® 16 = 10, @ 120, ® 126, while 16 ® 16 = 1 @ 45 @ 210. In terms
of their oscillator modes

1
W1y >=10> Mg+ 2bjbj|o > M+ ”“mbTbTbTbT 100 > M

1 .
Ty >= 53¢ TRmpTIBT 10 > Ny + bibgbgbgbyo >Ny + 0110 > N} (8)
where

M, = Vzaa Moo = Diaaa Maﬁ = EQBVUICAZ’Y’ Mg = E;av
Mia = ULaon Ma5 = VLa, M a5 ELav M5a Drga (9)
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and where «, 3, are the color indices. Cubic couplings in the superpoten-
tial involving W 4 are

WO = 7 <t BT (), > @
1
W) = = 0 < U, IBSw| ¥ gy > P

1 . T
W(210) - F < Uiy IBULL T, D W ) >

WO = f8O < T B, [T sy, > B,
W (120) — f(120) < (I\J?i)a|BF[MFuF>\]|(I}(i)b > ‘bm,)\

1 I T K vpo
=7 < Uayal BUp LWL o g W sy > ( e A>10)

W(126,ﬁ) —
5! AHVpO’)\

The semi-spinor W4y with = stands for a chiral superfield and SO(10)
charge conjugation operator is B = —i szl(bk — bL) Couplings in the
Lagrangian have the form

L(l) = g(l) < Vv i)a|’yo"yA|\I/(i)b > Py

1
L(49) — 2|g¢(zb )< U (1) V7 S Wy > Pap

L(10) = 4 G < WapalV Y TLDE, T [Py > Papr (1)

where A stands for the Lorentz index.

3. Technique for Evaluation of SO(2N) invariants

Here we review the recently developed techniqueh‘"7 for the analysis of
SO(2N) invariant couplings which allows a full exhibition of the SU(N)
invariant content of the spinor and tensor representations. The technique
utilizes a basis consisting of a specific set of reducible SU(N) tensors in
terms of which the SO(2N) invariant couplings have a simple expansion.

3.1. Specific set of SU(N) reducible tensors

We begin with the observation that the natural basis for the expansion
of the SO(2N) vertex is in terms of a specific set of SU(N) reducible
tensors, ®., and Pz, which we define as Ak = Do = op +i1Pop_1, Ag =
bz, = Pgp, — iPoi—1. This can be extended immediately to define the
quantity ®c,c,¢,.. with an arbitrary number of unbarred and barred indices
where each ¢ index can be expanded out so that A*A7Ay... = ®¢ciz,... =
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DPoic;z,... +iP2i_1¢,... etc.. Thus, for example, the quantity ®ccz,...cx
is a sum of 2V terms gotten by expanding all the c indices. ®¢,c;q,...c,
is completely anti-symmetric in the interchange of its ¢ indices whether
unbarred or barred: ®cz¢,..z, = —Peyzies.z,- Further, (I)Zizjck...zn =
®Dz,ci5...c, €8C.. We now make the observation® that the object ®cc.z...cn
transforms like a reducible representation of SU(N). Thus if we are able to
compute the SO(2N) invariant couplings in terms of these reducible tensors
of SU(N) then there remains only the further step of decomposing the
reducible tensors into their irreducible parts.

3.2. Basic Theorem to evaluate an SO(2N) vertex

A result essential to our analysis is the Basic Theorem® which states that
an SO(2N) vertex I',I',T'x..Tx®,,x...» can be expanded in the following
fashion

LTl Do ®un. o = bIbIbL bl Pecc, e

+(bib;b-};}--.bL(bEiCjCk»»»Cn + Perms) + (bibij"'bjlq)Eichk'"C" + perms) e
+(bibjbk...bnflbLQEiEjEk...En—lcn + perms)
—|—bibjbk...bnq)aéjék...én (12)

The result of Eq.(12) is very useful in the computation of SO(10) invariant
couplings.

4. Cubic Couplings of SO(10)

In this section we give illustrative examples of some SO(10) trilinear cou-
plings in their SU(5) decomposed form. These illustrative examples consist
of 16 — 16 — 45 couplings in the Lagrangian and the 16 — 16 — 126 coupling
in the superpotential.

4.1. 16 ® 16 Q 45 coupling in the Lagrangian

The interaction Lagrangian of the 45 of gauge fields with the 16-plet of
SO(10) spinor |W () > is given by

11 s
L(45) = 259,(117 ) < \I/(+)a|707AZuV|\I/(+)b > (I)A,ul/' (13)

Expansion of the vertex gives

1
2P = g(bibj%ﬁj + b0l e, + 2600 P e, — e z,). (14)
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The 45 of SO(10) decomposes under SU (5) as 45 D 1(g)©10(g")®10(g;;) b
24(g}) where

i L
(I)Cnﬁn =g, (I)Cizj = gj + g5gg
QC»;C]' = g’”? @E»LE]' = 8ij- (15)
The normalized SU(5) gauge fields are
ga =2V5Ga, gai; = V2Gay
gi{ = \/iGZ,;za gfé\j = \/inaxj (16)
In terms of the redefined fields, the kinetic energy of the 45-plet takes the
form

11
202
where Fﬁ,B is the 45 of SO(10) field strength tensor

1
- ZFlﬁ,BFABHV = _5 GABGABT

4 0 1 [l
Larmigiy, - Laamil,,
3—i 1 — i -
L5 — gla5) [\/5(—5/\4 7 M+ 15 Maiy My + Mar* M)Ga
1 .. _
\/—( Moy M + ifuklm/\/laiﬂAMbk)GAlm

1 — 1 —i i m
—7( Maimy* My + = €ijpim Moy ML )GR

2
V2 Maiay M + Moy M) Gy (18)

The barred matter fields are defined so that M;; = Mzﬂ

4.2. 16 ® 16Q 126 coupling in the superpotential

The 126 of SO(10) decomposes under SU(5) as 126 > 1(H) @ 5(H") @
10(H;;) @ 15(H( )) @ 45(HE) & 50(H)). Utilizing the Basic Theorem the

result for the Yukawa coupling involving 126 of Higgs is as follows

1 . ~ —
W(126) 5' (126) < \IJ* a |BF FVFPF)\FU] |\I/(+)b > A#up)\cr
=i\ 1z fa126)(+) ~V2MTMH + MM H;
Maszj H%,) + MET My,

ezmmM”TM”Hifim

12f
—V3 </\//\l:f/\/lbm + ﬂfijklmﬂy’r/\//\llgl> H™] (19)



November 3, 2004 21:28 Proceedings Trim Size: 9in x 6in v9

where fg)%)(ﬂ = %(f(llz%) 4 féi%))-

a

5. Quartic Couplings of SO(10)

The technique discussed in Secs.3-4 can be used to compute the quartic
couplings. For illustrative purposes we consider the simplest example with
the superpotenial,

1 *
W = SOuMi ®ur + fiy) < W0 By > 1%y +.. (20)

where the indices U, U’ run over several Higgs representations of the same
kind. M represents the mass matrices and f!) are constants. We now
1é)

eliminate ®; using the F-flatness condition: % = 0. This leads to’

WOOTOROTO = 95 ) < 7| BIT (1yp >< T BIT (14 >
= el =N MG RE Y + AR M N5, M
AT M NI My + AN M N A
—SNTMNIT My — ANTMNT M) (21)
where

(1) by by
Ao = FDAOD [FO {(MORED —1}] i

M) = [M(') + (MU)T} - (22)

Similarly a complete determination of (16 x 16)45(16 x 16)45 and of (16 x

16)210(16 x 16)219 can be givenl.

6. Conclusion

In this paper we have given a brief overview of the SO(2N) (N odd) in-
variant couplings. In Sec.2 we gave a brief summary of some of the salient
features of SO(2N) algebra in terms of oscillator modes. We exhibited
the form of SO(2N) invariant cubic couplings and then specialized these
results to the SO(10) case. In Sec.3 we introduced a basis involving re-
ducible SU(N) tensors in terms of which SO(2N) invariant couplings have
a simple expansion. This result is codified in the so called Basic Theorem
which is stated at the end of Sec.3. In Sec.4 we used the Basic Theorem
to decompose SO(10) invariant cubic couplings in terms of SU(5) x U(1)
invariant forms. An application of the Basic Theorem was given through
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two illustrative examples involving the 16 plet spinor representations and
the tensor representations, 45 and 126. The analysis presented here should
be of interest to model builders using SO(2N) (N odd) type gauge groups.
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