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ABSTRACT: We study the semiclassical decay of macroscopic spinning strings in AdSs x S°
through spontaneous splitting of the folded string worldsheet. Based on similar considera-
tions in flat space this decay channel is expected to dominate the full quantum computation.
The outgoing strings are uniquely specified by an infinite set of conserved (local) charges
with a regular expansion in inverse powers of the initial angular momentum. We compute
these charges and determine functional relations between them. Finally, a preliminary dis-
cussion of the corresponding calculation in the non-planar sector of the dual gauge theory
is presented.
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1. Introduction and summary

Within the framework of the AdS/CFT correspondence it has proved fruitful to explore
sectors of both theories which are characterized by large charges. In the Berenstein, Mal-
dacena and Nastase limit [1] one considers operators of U(1)g charge .J such that J ~ N2
as N — oo with gy finite. This leads to a subsector of the theory for which the quantum
corrections are under control, despite the fact that the 't Hooft coupling g%M N becomes
large. A remarkable feature of this limit is that it maintains a full genus expansion [2, 3].
The effective genus parameter turns out to be go = J?/N, which is nonvanishing despite
the large-NV limit. This allows one to compare the process of string splitting with a compu-
tation in the dual gauge theory, by determining decay widths of the corresponding BMN
operators [4]. At leading order in \ = g%,MN /J? and gy these computations have been
shown to agree [5] with light-cone string field theory [6].

Following the BMN idea, one can consider subsectors of the gauge theory with several
large charges [7, 8, 9, 10]. As before, the operators in these sectors have controlled quantum
corrections, allowing one to make a direct comparison with string theory. The objects dual
to such operators have been identified as large, macroscopic spinning strings in AdSs x S°
[8, 9, 11]. The energies of these strings and the anomalous dimensions of the gauge theory
operators are in agreement up to two-loop order in \ [12, 10, 13, 14] 1. Clearly however,
these computations only probe zeroth-order effects in the string coupling constant gs.

They actually start to disagree at the three loop level [15]. This mismatch has been argued to arise
from the non-commutativity of taking J — oo and expanding in A’ [16].
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Figure 1: Semi-classical decay of a folded, rotating string in flat space-time, following [17]. The
plot on the right shows snapshots at various values of 7. The outgoing pieces exhibit kinks, which
propagate outward along the strings. New momenta P} = —P!! are generated in the decay process.

The central question to be addressed in this work is what can be said about gs # 0
effects for large spinning strings. In order to study string splitting, one would in principle
need to compute the decay widths of long spinning strings and compare these to a dual
computation of gauge theory operators with many impurities. Unfortunately, the determi-
nation of decay widths in quantum AdSs x S° string theory is at least for the time being
out of reach.

It is, however, possible to analyze the decay semi-classically. In flat space-time, the
semi-classical decay of macroscopic strings was analyzed in detail by Iengo and Russo [17].
They also compared the semi-classical results to those of a full quantum treatment. In
the semi-classical approach, one starts with a classical, rotating closed string solution. At
a given time 7 = 0, the string can spontaneously split if two points o and ¢’ on the
string coincide in target space, and if their velocities agree. The string described by these
boundary conditions, X*(r,0) = X*(r,0) and X#(7,0) = X*(7,0’), then forms a “figure
eight”. The splitting is realized by declaring that from 7 = 0 onward, each of the two string
pieces (“left and right” from the overlapping point), separately satisfy periodic boundary
conditions. The initial conditions on the positions and velocities of the outgoing pieces are
simply taken to be those of the incoming string at the moment 7 = 0 of splitting. The
effect of the splitting propagates with the speed of light along the outgoing pieces, leading
to kink-like shapes (see figure [l).

The relations between the energies and angular momenta of the outgoing strings are
determined completely by conservation laws, i.e. one does not need to derive the explicit
string shapes in order to obtain these relations. From the relations between the charges
one can then produce a curve in, for instance, the plane spanned by the masses M; and
M of the outgoing string pieces. In flat space-time, this curve can be compared with a
full quantum string computation of the decay rate. It has been shown [18, 19] that the



Figure 2: Sketch of the relation between the semi-classical and the full quantum calculations. The
surface depicts the quantum decay amplitude over the (horizontal) plane spanned by the mass-
square of the two outgoing strings, (M;)? and (M;;)?. The amplitude reaches its maximum over
the curve allowed by semi-classical decay.

quantum decay rate, as a function of the outgoing masses, reaches its maximum very close
to the curve obtained from the classical analysis (see figure f]). In order to understand
this relation between the semi-classical computation and the full quantum treatment, it
is important to realize that the space of kinematically allowed decays of a string is much
larger than the channel which is available using a semi-classical treatment (in the sense
described above). Hence, the semi-classical analysis only describes one particular decay
channel. Fortunately the quantum analysis of [18, 19] shows that this is the most probable
channel (at least in flat space-time).

In the present paper we will analyze the decay of semi-classical strings on AdS5 x S°,
with the goal of producing predictions which can in principle be verified on the gauge
theory side. We will focus on the folded string which is rotating on the S® factor of the
background. We first review the properties of this folded spinning string and all its charges.
There are “global” charges (angular momenta and energy), associated to the isometries of
the target space, as well as an infinite set of “local” (commuting) charges, related to the
integrable structure of the string sigma model. Due to the fact that we consider a rigidly
rotating string, all local charges are uniquely determined as functions of the global charges.

We then analyze the semi-classical splitting process. This splitting process introduces
one new parameter a, the splitting parameter, and all the local and global charges of the
outgoing strings are uniquely determined as functions of this parameter and the global
charges of the incoming string. This is now the case, despite the fact that the outgoing
strings are highly non-rigid, i.e. strongly fluctuating (as in the flat-space case depicted in
figure ). It is a consequence of the “continuous” way in which the worldsheets of in- and
out- strings have been glued together. Since both local and global charges are conserved
under the free (gs = 0) evolution of the string, they can be computed by integrating the



charge densities at the moment of splitting, i.e. at the moment when the charge densities of
the in- and out-going strings coincide. In this way, one circumvents the need to explicitly
construct the solutions for the outgoing strings.

In the decay process, several charges which were zero for the ingoing string now get
turned on for the individual outgoing pieces. This is similar to the decay in flat space-time,
where one generates new momenta P! = —P!! (the pieces move away from each other).
For the string on S°, new angular momentum components get turned on. These new
angular momenta are neither Casimirs nor elements of the Cartan subalgebra, indicating
that the outgoing strings are descendants rather than highest-weight states in the gauge
theory dual. Having found these new charges, we in addition also construct the generating
functional for all the higher charges as a function of the charges of the incoming string and
the splitting parameter a.

The conservation of an infinite set of local charges is a consequence of our construc-
tion. It can be checked explicitly that the quantum decay of the string in flat space does
not preserve the higher charges. However, for the most dominant, semiclassical decay pro-
cesses, the conservation laws do hold for all charges. This suggests that the conjectured
integrability in the planar sector of N'=4 super-Yang-Mills may be extended in a certain
sense to the non-planar sector.

In order to make a comparison to the gauge theory, it is necessary to express the decay
process on the string theory side purely in terms of relations between charges. In principle
there is an infinite set of relations, for all the local charges, but we focus on the relations
between the global charges. We present these relations in section B.4. The gauge theory
quantum amplitude is expected to attain a maximum over the semi-classical string decay
curves, just as in figure .

On the gauge theory side, the decay of long strings can be analyzed in the spin chain
picture of [20]. The splitting operator, which when acting on a single-trace operator pro-
duces a double-trace operator, is represented by the non-planar part of the dilatation
operator. In section [] we discuss these gauge theory ingredients. We argue that, despite
the fact that we are not in the BMN regime, an effective genus counting parameter J2/N
is still present. We also discuss the higher conserved charges and their role in reducing
the possible spin chain decay channels. A detailed study of this decay is, as we will argue,
hampered by the complexity of the spin chain wave functions, and we leave this for future
work.

Finally, let us note that our construction can easily be extended to the study of strings
in less symmetric backgrounds (and in particular to backgrounds dual to confining gauge
theories). This could provide one with information about meson and glue-ball decays. A
study of these processes is under investigation.



2. Review of the folded string solution

In order to set up our notation and introduce the new charges that will be generated in
the process of the decay, let us briefly review the construction of the folded two spin string
rotating in S°, as first presented by Frolov and Tseytlin [9]. Using the parameterization

X1 +iXy =siny cost e, X3 +iXy =siny sinee??, X5+ iXg = cosye¥?, (2.1)
the metric on a five-sphere X7 + - - + XZ = 1 can be written as
d8§5 = dy? + cos? vy de? + sin® y(dy? 4 cos? ¢ dp? + sin? o dpl) (2.2)

whereas the metric on AdSs reads dsids5 = dp? — cosh? pdt? + sinh? pdQ3. The two-spin
string solution is given by the equations

t=rt, p=0, v=5, w3=0, @r1=wT, @2 =waT, ¢:¢(J)v (23)

ro| 3

where k,w; and wy are constants. The equation which determines the profile of (o) is
v+ %wgl sin(2¢) =0, wi =wi —wi >0. (2.4)
By integrating this equation once, we obtain the following equation,
¥'? = w2, (sin® ¥y — sin 1) . (2.5)

Here the constant 1y corresponds to the target-space length of the folded string; the point
at which the first derivative of 1 vanishes is the point at which the world-sheet of the string
turns back onto itself. The conformal gauge constraints imply

K% = w3 sin? ¢y + wi cos? g . (2.6)

The motion of the string is confined to a three-sphere embedded in the five sphere, which
will remain true also for the two outgoing strings after the decay process to be considered in
the next section. As the isometry group of the three sphere is SO(4), there are 6 conserved
angular momenta J;;, associated to the 6 Killing vectors,

2w d . .
Jij = \/X/ —22 (X, X; — X; X)) =VA\Tij, (5,5 =1---4). (2.7)
0



Explicitly, using the parameterization (R.1)) these can be rewritten as (using v = %)

27
d .
Ji2 = / 7 cos? o1, (2.8)
0 27'('
27
do . )
T34 = / 7 sin? Yoo, (2.9)
0

o
21 do .
Jiz = / P ( COS (1 €OS Y1) + sin 1) cos 1) (— sin g €os PP + sin 1 cos 9029'01)) , (2.10)
0
27
Jos = / o ( sin 1 sin wo1) 4 sin 1 cos 1 (sin @1 cos Yoo — sin g cos 901901)) , (2.11)
0

27
Ji4 = / o ( COS (1 Sin Yo 1) + sin 1) cos 1 (cos 1 CoSs PaPy + sin o sin 901901)) , (2.12)
0

2T
d : . . . . .
Joz = / o ( sin 1 cos p21) — sin 1) cos 1 (sin 1 sin papy + cos o cos 901901)) . (2.13)
0

An additional charge is the energy F, which is associated to the translation invariance with
respect to global time. Using the constraint (2.6) one finds that the energy is given by

2
do .-
E:\/X/O %on\/X/f:\/x\/w%sin2¢o+w%cos21/)0. (2.14)
Before the decay, the string (.3) carries two (mutually commuting) angular momenta, J2
and J34
2uwq Yo cos® ¢ dy 2w1
Ji2 = — —— = E(q), (2.15)
w21 Jo \/sm g —sin“yp  TwWal
2w Yo sin? ¢ dy 2w .
Toa = 2 PN 2 (k) - B(g), g=sin’vp.  (216)

Twar Jo  \/sin®epy —sin®ep  Twa

The expressions on the right-hand sides have been obtained by making a change of variables
to ', defined by sint)/ sin )y = sin)’. 2
Although the worldsheet densities for the other angular momenta are non-zero before
the split, they vanish when integrated over the world-sheet. The two non-vanishing angular
momenta are related by
Ji2 + Tss

1=
wi Wy

as a consequence of (B.§) and (£.9). Moreover one derives from (P-17), (B-16) and (P:19)

(2.18)

2 K2 — w?
wi —wi = —K(q), q:fg_wl%' (2.19)

2Qur conventions for the elliptic integrals are
E(z;q) :/ dp/1—gsin?e, F(x;q) :/ dcp;. (2.17)
0 0 1—gsin e
with E(q) := E(n/2;q) and K(q) := F(7/2;q).



It then follows that all information to determine the energy E=v/\ € (J12, J34) as a function
of the angular momenta lies within the two equations

4 £? T

217 K@? B
4 T B It
=~ @) - E@PF  E@? (2.21)

upon elimination of q. This may be achieved iteratively in an expansion for large total

(2.20)

angular momentum J = J12 + J34 via the ansatz

& &
E=TE+—=+—=+.... 2.23
T &o 773 (2.23)
One finds that qq is determined by the equation
E(qo0) T34
=1-a, o= — 2.24
K(qo) J (2.24)

All the higher terms ¢; with ¢ > 0 are then given algebraically as functions of ¢y, and
similarly for &. The first non-trivial terms which one finds are

. 4 E(q0) K (90)* (K (90) — E(90)) (1 = g0) g0 (2.25)

72 (E(q0)? — 2 E(q0) K(qo) (1 — qo) + (1 — q0) K(q0)?)’

as well as
2

Eo=1, &= p~ K(q0) (E(g0) — (1 — q0) K(qo0)) - (2.26)

3. Semiclassical decay of the folded string

3.1 The splitting

Let us now consider the spontaneous splitting of the solution (P.J). As mentioned in the
introduction, we will focus on the relations satisfied by the charges of the outgoing strings.
In order to obtain those relations, we fortunately do not need to derive the precise form of
the solutions X /5(7', o) for the outgoing strings. While those solutions could be obtained in
flat space-time [17], it would be much more difficult to do so in the AdS5 x S° background.

We choose a parametrization on the world-sheet such that at the “end”-point of the
folded, unsplit string we have ¥)(c = 0) = —)y on one end of the string and (o = 7) = 1)y

on the other end. The splitting occurs on the worldsheet at points ¢ = ma and o0 = —ma,
which are both mapped to the same target space point ¢)(—ma) = ¥(wa) = 1. The setup
is thus
¥(0) = —4o 3 vam) = ¢
| 3 | w(m) =0
P(2m) | Y(—am)
cut



The charges carried by the outgoing strings can be calculated by evaluating the expres-
sions (R.§)-(R.14)), using the solution of the string before the decay, but integrating them
over the lengths of each piece of string separately (i.e. o € [—ma,ma] for the first piece
and o € [—m, —ma] U [ra, ] for the second one). In these calculations the string solution
is evaluated at the moment of the decay, which without loss of generality we will take to
be 7, = 0. This is consistent, as the initial conditions generated from the unsplit solution
for the outgoing two string pieces are consistent, i.e. obey the Virasoro constraint.

The splitting parameter a is then related to the splitting point ¢ via (B.H) by

2 (¥ dy 2
2ra = —

W21 J g \/sin2 g —sinZyp w2l

(K(q) + F(z;9)) (3.1)

sin IZ

sin g

where z := arcsin( ). The “mirror” equation to this is

m(1—a)\Jwi —wi = K(q) — F(z;q). (3.2)

The angular momenta Ji2 and Js4, which were non-zero before the split, get distributed
between the outgoing string pieces I and I according to

Th =~ (B(@) + E(:0)) (33)
T = (K (q) — Ela) + F(w:0) = B(w;0)) (3.4)
T = - (Bla) - B@;0)) (35)
il = =2 (K(q) ~ Elg) ~ F(x;0) + B(w;0)) (36)

Moreover one has as a consequence of the above

(3.7)
w1 w2 w1 w2

The remaining angular momenta (R.10)-(R.1J) vanish before the split, but they become
non-zero for the outgoing strings,

Jis = T4 =0, Jss = Tad =0, (3.8)
I I1 w2 . 9 .97
= - = - - 3.9
Jia 14 p— \/ sin” ¢y — sin“ ¢, (3.9)
w . . 5
iy = —Ta3 = mulgl \/sm2 o — sin? 4. (3.10)

The sum of each of these momenta is zero in accordance with the conservation laws. The
conformal gauge constraint (2.§) remains untouched,

2 2

K — wi
==L 3.11
R (8.11)



and the energies of two outgoing string pieces are given by
&l =ka, ElT=k(1—a). (3.12)

A further relation is satisfied by the newly generated angular momenta and the splitting
parameter x,

1
(J1)? = (T3)? = 2 ¢’ cos’x. (3.13)
This equation determines z as a function of ¢ and A := (J{,)? — (J4)?.

3.2 Relations between outgoing charges

The goal now is to eliminate the parameters x and ¢ related to the splitting point and initial
string length, and express all conserved charges in terms of a minimal set of independent
ones. Recall that before the split, the input data which determine all the string charges
are the total momentum J and the filling fraction o = J34/J. The energy £(a, J) is
expressed in terms of these two parameters through (R.23), which can be compared with
the gauge theory order by order in the 1/J expansion.

The split introduces only one extra free parameter, namely the point x at which the
string splits, while the number of measurable charges doubles: of,o!!, 7! and J!!. Hence
after the split, the number of dependent quantities, as well as the number of functional
relations between them (which should be compared to the gauge theory) is larger. Depend-
ing on which quantities we want to relate, the choice for the set of independent parameters
might be different.

The first functional relation we want to establish is the relation between the two angular
momenta carried by the first part of the string,

J 112 t73[4
= — s = —. 314
B2 71 B34 T (3.14)
where the total momentum 7 is expressed as
j = j{2+\71[21+\73€1+j3£f . (315)
=:J12 =:J34

Combining the equations (B.3) and (B.4) with equations (R.15) and (R.16]) one deduces that

1 E(x;q)

P2 = 5 <1 + B Q) ) : (3.16)
_1 Fx;iq) - E(z,q)

B34 = 5 <1 + K0~ B > : (3.17)

The parameter ¢ appearing in these equations is given as a series in 1/J with coefficients
fixed by the data of the unsplit string (see equations (2.2), (2.24) and (R.25)). The splitting
point x should now be eliminated by a combination of global charges of the outgoing strings,

which is at our disposal. We could choose either (12, B34 or something like the string length



I I
fraction % as the free parameter of the splitting process. Any such choice will lead
to an expansion of x in 1/772,

%+%+.... (3.18)

In the remainder of this section we shall choose (312 as the new parameter. This yields the

T =x9+

first two coefficients of (B.1§) as

1 E(z0; q0)
Pz =3 (1 " TE(w) > | o
x = a1 E(qo)F (03 90) — K(q0)E(zo; qo) ’ (3.20)

2qo E(q0) V1 — qo sin® g

where ¢ is given in (R-2]) and induces a 1/J 2 expansion for 334. Substituting the expansion
for ¢ and z in the second equation (B.17), one is left with the desired first functional relation,
namely (34 = (34(512, @, J), given as a series in 1/J

1
634=6§4+%+-.., (3.21)
1 F(z0;q0) — E(w0, q0)

50 = _ <1 + , 3.22
S K(q0) — E(qo0) (8.22)
1 2qo0 1 (1—sim2 zo [qo+(1—qo)(K(qo)—E(qo))]>+(K(qo)—E(qo))Q1 sinzo cos xo

B3y = (3.23)

4(E(q0)—K(q0))? (g0—1) \/l—qo sin? zg

One might wonder whether from the gauge-theory perspective it makes sense for the split-
ting parameter x and the outgoing angular momentum fraction 334 to be dependent on 7.
After all, the splitting Hamiltonian commutes with the R-charge operators Ji2 and [J34.
Hence, going up higher in perturbation theory should not induce coupling-constant de-
pendent modifications to the R-charges of the outgoing strings. However, the reason why
(B.21)) is a sensible result is that the semi-classical string calculation captures only a part
(namely the maximum) of the full quantum surface of the decay process. The position of
the maximum varies as we go higher up in perturbation theory. At each order in pertur-
bation theory, the most probable outgoing string with fixed J, is carrying a different j314.
This effectively means that the maximal probability varies with 7.

In figure f] we plot a collection of functions ﬁ§4(ﬁ12) for values of the filling fraction
before the split ranging from 0.05 to 0.5. These are all computed using the leading values
for the parameter qy. We choose to restrict to this region of the filling fraction since the
folded string solution (2.3) does not posses a Ji2 < J34 symmetry? and only the solutions
with @ < 0.5 have been identified on the gauge side [13]. The solutions with > 0.5
are conjectured to correspond to operators of higher bare dimension, which do not have a
BMN limit. Note that figure [] possesses a symmetry with respect to the point (0.5,0.5) as
a consequence of the geometry of the folded string (¢(0) = (7w — 0)). Note also that the
point (1,1) corresponds to the unsplit string.

30n the other hand the sigma model is, as expected, invariant under this symmetry. The implementation
of this symmetry requires the simultaneous transformations ¢1 < ¢2, and ¢ < 5 — .

— 10 —
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Figure 3: Plot of the relation between (315 (horizontal) and 33, (vertical) as defined in (B.14). The
various curves correspond to various values for the filling fraction « € [0.05,...0.5].

The second functional relation we want to obtain is a relation between the energy of
the first outgoing piece £ and the parameters (7, «, f12). Eliminating &, a,w; and wy from

equation (B.11) using (B.19), (B]) and (B-3) leaves us with

2 (K(qg)+F(2:9)* (E(q) + E(2;9))?’
which is the split analogue of (B-2(). The “mirror” equation for the second half of the string
is obtained from (8.24) by replacing the indices I — IT and z — —z. Using equations (B.16)

and (B.17), this can be simplified to
4 ("2 (J12)*

7" B K@ T (B B Bl Bla? 52
Combining this with (2:2(0) we learn that
& = (Bou + (Biz — Byn) [b;((z))) g, el=g ¢l (3.26)

This equation, together with equation (B.I7) for f34 and equation (2:29) for ¢, defines
ENVI( T a,B12) as a series in 1/7,

ymzjdm+dm%+m. (3.27)

The first coefficient in the expansion is given by

7 T 7

and is in agreement with the (trivial) gauge theory prediction: the two decay products

5({ = =(1-a)fiz+ aﬁg4, (3.28)

(single trace operators) have engineering dimensions J{, and J?{jlo. In figure [ we plot
the energy of the first string piece as a function of 319, for various filling fractions. The

coefficient at order 1/J of (B.27) reads

&l = 2 K(ao) |(K(0) — B(a0)) B (a0 — 1) + Bro B(ao) o] + B (1 - £2),  (3.29)

— 11 —
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Figure 4: The energy &} of the first outgoing string as a function of 312, for various filling fractions
a €10.05,...,0.5]. The straight line corresponds to a = 0.5.
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Figure 5: The combination of new angular charges A := ()% — (Js5)? plotted as a function of
(12, again for « in the range [0.05,...,0.5]. The upper curve corresponds to a = 0.5.

which yields a prediction of the anomalous dimension at one loop of the first decay product
(single trace operator) in the dual gauge theory.

The third functional relation is obtained by eliminating = from (B.16) and (B.13), after
which one can express A = (J{,)? — (J&)? as a function of B3 in an expansion in 1/7.
The corresponding plot is given in figure fj.

3.3 Higher charges and traces of integrability in the splitting process

Thus far we have only discussed the behavior of the string energy and angular momenta
under the decay process. However, the classical string sigma model is known to possess
an infinite number of local, conserved and commuting charges (Q,, due to its integrability
[21, 22, 23], the first non-vanishing of which is the Hamiltonian Q2 = H. These were
written down explicitly in the work of [24] for the folded string solution in terms of a
generating functional. On the other hand, one does not expect the string sigma model to
remain integrable once string interactions are included (i.e. when g5 # 0). This may be
seen explicitly from the dual gauge theory side: nonplanar graphs break the integrability

- 12 —



of the planar theory*. Nevertheless it is obvious that, for the semi-classical decay process
we are studying here, the higher charges @), are conserved. This conservation follows from
the same logic that was used for the calculation of the energy and angular momenta. If
the initial charges are given via a charge density as Q,, = [do ¢, (0, 7), then the charges of
the outgoing strings after the split are simply

2ma

Qr = | d7ga(om), Q' =Qn—Q". (3.30)
Here one uses the charge densities g, (o, 7) before the split. In appendix A we explicitly
derive the generating functional for the commuting charges of the outgoing strings by
generalizing the work of [24]. As a side remark let us note that this knowledge could in
principle be used to construct the explicit form of the outgoing string solutions X’ (1,0)
and X! (1,0).

How is this result to be reconciled with the breakdown of integrability at g; # 07 Again
we need to remember that the quantum string decay leads to a full surface of possible decay
channels, which generically will not preserve the charges beyond Q2. A subset of channels
will, however, preserve all @),. It is precisely this subsector which should capture the
semiclassical string decay analyzed in the previous subsections and is expected to dominate
the decay amplitude.

4. The decay from the gauge theory side

Let us now turn to the discussion of the splitting process in the dual gauge theory. Our
exposition will not be complete, but we will set the scene for the full calculation and point
out the technical difficulties that one will have to face.

In the large-N limit, the dilatation operator of N' = 4 super-Yang-Mills factorizes as
the product of a universal space-time dependent factor times a combinatorial factor acting
on the fields inside composite operators. The string splitting vertex is encoded in the non-
planar piece of this dilatation operator. In the relevant SU(2) sector of two chiral complex
scalar adjoint fields Z and W the (space-time independent part of the) dilatation operator
is known to be [25] ,

Dy = —%YT“; Te[Z, W1[Z, W], (4.1)
where Zyy, := 6/0Zy, is the matrix derivative (for a pedagogical derivation see [26]). The
action of this operator can be expressed in the language of spin chains, by considering the
action of Dy on two fields in an arbitrary single trace operator Tr(WAZB). One finds

Dy o Tr(WAZB) =

Ny 4 (Tr(WZB) - Tr(ZWB)) LM gy p (Tr(ZWA) - Tr(WZA)) (4.2)
872 872 ‘ .

4Concretely, one observes degeneracies in the spectrum of planar A’ =4 super-Yang-Mills (the so-called
“planar parity pairs”) which may be attributed to the existence of a higher conserved charge [12]. These
degeneracies are lifted, however, by 1/N corrections: a clear signal of the breakdown of integrability.
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The planar (nearest neighbor) contribution is obtained when A is the identity operator:

1 g N -

anar

Dy = 82 > (Giit1 — Piiva), (4.3)
i=1

with P; j the permutation operator permuting the fields (spins) at sites i and j. The system
described by szlanar is nothing but the Heisenberg XXX/, model [20]. The non-planar
contribution may be written as

2
litti 9
DPINe = LD (65— Pij) S (4:4)

i7j

where the sum is over non-nearest neighbors and the splitting operator acts on sites 7 and j
as (qbk € Z, W)

SijoTr(¢1... ¢i—10iPir1 .- Dj—10jPj11-.-OL) =
Tr(pr ... ¢icdj ... o) Tr(div1 ... dj—1) + Tr(p1... pic1Pjs1-.- 1) Tr(di...¢5). (4.5)

That is, we have a Heisenberg exchange interaction multiplied by a chain splitting operation
(see also [27] for a related discussion).

While the dilatation operator is thus under control, the initial gauge theory opera-
tor dual to the single folded string solution with angular momenta [Ji2 and [J34 is less
understood. The dual gauge operator may be written as

Tr(ZT2 W) 4. (4.6)

where the dots stand for suitable permutations of the Z and W’s — which are of essential
importance for the evaluation of decay amplitudes! The spin chain picture has proved to
be very efficient for the task of diagonalizing szlanar for long operators (J — oo) with the
technology of the Bethe ansatz. There every eigenstate of the “free” Hamiltonian Dplanar i

parametrized by a set of Bethe roots \; with ¢ = 1,..., J34, which are determined through

the Bethe equations
A +i/2\ " A — A+ BN Fi2
— v R 4.
()\i—i/2> ]!;[i</\i—/\k—i ' H)\ —i/2 (47)

where L := J12 + J34 = J. The corresponding eigenstate may then be written down
explicitly as follows. Denote by [{mi,ma,...,mj, })L the single trace operator of length
L with W’s appearing at positions m;, e.g.

{1,3,4)) oy = Te(WZWW ZZZ).

Introduce the quasi-momenta p; and the scattering phases ¢;;

. Ai +1/2 ) Ai — A+t
i = — 1 E—— 5 5] — — 1 U — 5 4.8
p ZH<AZ-—¢/2> Pisi Zn<)\i—)\k—z> (48)
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planar

then the eigenstate of D may be written down explicitly [28]°. Tt is the rather
formidable object

[¥) = (4.9)

T34 . T34

. 2
Z Z exp [Z pr(i) “mi + 2 Z (PP(i),’P(j)] ‘{m17m27 e 7m734}>L
1<mi<ma<... PEPerij i=1 1<j

. <mgy, <L

where the second sum is over all 734! permutations of the labels {1,2,3,..., J34}. As Bethe
showed in 1931 this is an eigenstate of the free Hamiltonian

T34

2 .
pptanar gy — Syu N > sin? (%) o). (4.10)

om2

1=

In order to make contact to our semiclassical string considerations we need to take the
thermodynamic limit L, J34 — oo with J34/L = « fixed. Due to the unknown structure
of the continuum limit of the permutation group the Bethe wave function |¢)) becomes a
monstrous object in this limit®. This is in stark contrast to the Bethe equations, which
actually simplify in the same limit. Even worse, we would now want to act with the splitting
Hamiltonian DP'"8 of (£4) on |4)) in the thermodynamic limit, in order to describe the
quantum decay of the semiclassical folded string solution. This is the core of the problem
which hampers a direct analytic computation of the splitting in the gauge theory. In
principle one could attempt to address this problem numerically. Here however, one faces
technical limitations, as the minimal length of the spin chain for which distinguishable
structures limiting to the continuum folded string configuration start to emerge is 26 (with
half filling fraction) [10]. This implies that the wave function |¢)) contains 226 terms, most
of which have coefficients of the same order.

An alert reader might wonder whether the gauge theory again develops an effective
genus counting parameter J 2 /N in the thermodynamic limit (J12, J34, N — 00) as it does
in the BMN limit where [J34 remains finite [3, 2]. It is very plausible that this is the case.
Indeed a simple pilot computation of the free theory two point function of two operators
of type (f.§) in the this limit confirms the expectation. One finds using the method of
“highways” [3] up to genus one

(Te(Z27 W) Tv(2? W7)) = N2/ (1+%(2[<J;1> + <J11)} +(J—1)2) +)

4

— N% (1 +12 % 4. ) (4.11)

which displays the expected J*/N? scaling behavior.

®For a nice hands-on review of this topic see [29].

51f one stays with a small number of impurities J34 and takes L. — oo the state remains manageable
and is dual to excited states of the plane wave superstring in the BMN correspondence [1]. In this limit
one finds p; = n;/J with integer n; and ¢;,; — 0.

— 15 —



It is instructive to look at the decay of a number of lower eigenstates of Dglanar as toy
calculations exemplifying the general logic of the quantum decay. All eigenstates Dglanar
may be classified by Bethe roots, or equivalently by the values of the local, conserved
charges @Q;. At one loop, these are given by the moments of the resolvent, and the first
nonvanishing charge corresponds to the one loop anomalous dimension of the state £ = Q5.
On top of this, all states carry a representation of the global R-symmetry group. In
the SU(2) sector, these are realized through the operators

J,=Jig— Jy=Te(WW - Z2), J.=Tr(WZ), J_=Tr(ZW), (4.12)
where, geometrically, the operators Jio and J34 correspond to the rotations in the two two-
planes W, W and Z, Z. It is easy to check that the operators (J.1J) obey an su(2) algebra:
[Jy,J_] = J, and [J,, J+] = £2J1. The full (planar and non-planar) dilatation operator
D5 indeed commutes with these operators: [Ds, J,] = 0 = [Ds, J1+]. Hence, the total spin
and the J, charge of a given initial state is conserved in the decay process. Highest-weight
single trace states obey J_ [HWS) = 0 and correspond to ensembles of Bethe roots at finite
values. Acting with J; on [HWS) increases the number of impurities but leaves the energy
invariant. This corresponds to adding Bethe roots at infinity. Note also that expectation
values of (“non-Cartan”) operators J, and J, in the [HWS) obviously vanish.

All the local conserved charges of the Heisenberg XXX/, are known explicitly [30].
As we illustrate now, these are generically not conserved in the decay process. Explicitly,
the first three charges are given by [12]

I
.M“

s
I
—_

2

Q2 (1—=Pii),

(Piit1 Pit1iv2 — Pit1iv2 Piiv1),

L

Il

W
M=

-
Il
—

(4.13)

QO

I
M=

( = 2P 41+ Piit1 Piyriyo + Pi1iv2 Priva

+ P11 P23 Piv1jiv2 + Piv1i12 Pijiv1 Pio,its

4

1=1

— Piiv1 Pip1iv2 Piv2ivs — Pig2igs Pip1ivo Piiv1) -

The odd charges have negative parity and either annihilate a highest-weight state, or pair
them to a partner of opposite parity, which is degenerate in energy. Let us for example,
look at the decay of two highest-weight states of length 9,

O = — T(Z4*W ZW?) + Te(Z*W3ZW) + Te(Z3W 22 W?) — Te(Z°W3 22 W)
+Te(Z3WZW ZW?) — Te(Z3W2ZWZW)  qa=5,q1 =1
O = To(Z"W?) — Te(ZW ZW) @2 =4, q1=—16, (4.14)

where we have also spelled out their charges with respect to the Q2 and Q4 operators. The
first state decays into Q4 non-conserving constituents:

D;plitting o 0% — 12<Tr(Z2) O™ 4 Te(ZW) Oz,s) ’ (4.15)
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where
OM = (Z°W3ZW) - Te(Z*WZW?®), @@ =5,a = -5,

0L = (Z’WZW?) - Te(Z*W?ZW), @@ =5,a = 5.

The protected states Tr(Z?) and Tr(ZW) have vanishing charges. Therefore @ is not
conserved in both decay channels. Note also that

(4.16)

J_ oM =_0" J_oTr(ZW)=Tr(Z%) J_o{O”* 0™ Tx(Z>)}=0. (4.17)

Hence a highest-weight state does not necessarily decay into products of highest-weight
states.
The highest-weight state (’)3_’2 of (f.14) on the other hand has only a single decay
channel
Diplitting 0%? =8 Tr(Z%) O3 + (non Qy preserving channels) , (4.18)

where

OV = THZW?) - TH(Z*WZW), g2 =4, 41 =16 (4.19)

Hence here the higher local charge ()4 is conserved.

In summary, by considering the decays of short operators, we see that the highest-
weight states do not need to decay into a product of highest-weight states, and that higher
charges are not preserved in this decay process. However, in the thermodynamic limit we
expect the decay to be dominated by the channels which do preserve all higher charges.
The outgoing states are not highest-weight states. This can be seen from the fact that
in the semiclassical calculations, equations (B.9) and (B.1() indicate that the expectation
values for the “non-Cartan” angular momenta, (Ji13) and (Ja4), are non-vanishing after the
decay.

5. Outlook

The folded spinning string for which we have calculated the classical decay process has
been identified on the gauge theory side [10] by solving the Bethe equations ([.7). In the
sector in which the number of impurities is odd, it appears as the first highest-weight state
above the vacuum. Using (f£.1(]) it is possible to compute its energy directly from the Bethe
roots. For half-filling, an analysis of various spin chain lengths (up to length 46) has shown

that this energy is approximated by
0.356

This matches the result computed from (-24) and (P.26) for a = 1/2.
In principle, one can apply the machinery of section | in order to study the decay

of this state. The charges which enter in the classical decay relations on the string side,
as depicted in figure f}-f|, have direct analogues in the spin chain. As an example, the
parameters (312 and 334 are related to filling fractions o and o and chain lengths L and L!
according to

oLt (1-al)L!

oL "2 TaTar (5:2)

B34
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As explained in the introduction, the splitting amplitude of the spin chain is expected to
attain its maximum over the semi-classical curves found in section B.9.

However, as we have already alluded to in the previous section, the main obstacle is
the complexity of the Bethe wave function ([.9). Even for moderately large spin chains,
the Bethe state is a monstrous object, which complicates a brute force analysis through
a numerical treatment. One possible simplification can perhaps be obtained by using the
coherent state wave function of [31]. However, a potential problem in this approach seems
to arise from the inability to write down wave functions for the outgoing strings.

An additional guideline for a better analytic understanding is the existence of the higher
local charges. The decay channels in which these charges are conserved are expected to
correspond to semi-classical decay, and form only a small subsector of all possible channels.
We will return to this spin chain analysis in future work.

Finally an interesting question which deserves investigation concerns the circular string
solution of Frolov and Tseytlin [8]. This solution has also been successfully matched to
gauge theory [10]. Clearly the circular string is semiclasssically stable, as it does not self
intersect. How does this property reflect itself in the dual gauge or spin chain description?
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A. Generating function for commuting charges of the outgoing string

In the case of the O(6) model, an infinite set of commuting charges can be constructed using
the so-called Bécklund transformations. Namely, given a particular solution X}, by solving
a set of equations [22] one can derive a “dressed” solution X*(v) (with X*(0) = X{) as
a power series in the spectral parameter . The coefficients in the series are determined
though certain recursive relations. The generating function for the charges is then obtained
from the dressed solution as

M) = [ (X0) - Xe) 444X () - X,) (A1)

where £ = %(T +o0)and n = %(T — o), while subscripts denote partial derivatives. In the
case of the folded string, a solution to the Backlund transformation has been constructed
exactly (to all orders in ) in [24] and is given by

Zi(7) = Xi + iXigg = 1i(0,7) VT (i =1,2,3). (A.2)
The r; are defined as

ri(o,vy) = dn(\/jgl0+ v,t), ro(o,y) = ﬂsn(\/rgla +uv,t), r3(o,7)=0. (A.3)

The constant phases «; are given by

1-4% 1 1—+2
cosalz—vz—, osagz—vﬂ. (A.4)
1++%2dnv 1+~2dnv
The functional dependence of the parameter v on the spectral parameter ~ is given by the
equation
1 w% sn? v 1—+2 2 1 _ 0 (A.5)
w3, en?v 14+42) 1—t2sn2y '
In addition, the periodicity condition for the folded string implies the relation
™ 2 2 2
5 w%l = K(t) s Wy = Wy — Wy, (Aﬁ)

which is (R.19) of the main text.
Inserting (A.9) into the expression for the generating function of the charges (A1),
one obtains

2mwa

do .

[(v;a) = fy/ %ri(a, ) [(1 = +*) cos a; 7}(0,0) + (1 +7*)w; sina;r4(0,0)], (A7)
0

where here the constant a is the splitting parameter. For a = 1, this integral determines the

charges of the incoming string, and it has been computed in [24]. To evaluate this integral

for a generic value of the parameter a, and hence determine the generating functions for

commuting charges of the outgoing strings, one needs the following four integrals:

ma o dnv
= |aK(t) —envIl 2
/0 47Tr1(0,7)r1(0’,0) O aK(t) — ecnvIl(a,tsn l/,t)]
1 cnv
—————In|A A.
+16K(t)sny nlA o)l (A8)
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[aK(t) — II(a,tsn® v, t)

/ e do cnvdnv
0 47T

—ro(0,y)r2(0,0) = —m

1 1
————Inl|A A.
Ry AWl (A9)

2ma
/ © r1(0,7)74(0,0) =~ dn? (K (t)a — Tl(a, 50 v,1)
0

47 msn3 v
1 dnv

2 L
+sn v (K(t)a — 1E(a,t)) ErT——

In|A(v, 1), (A.10)

2ma
d 1
/0 ﬁm(a, v) 75 (0, 0) = p—— en? vdn? vll(a, tsn?,t) 4+ sn’v 1E(a,t)
1 dnvenv
2
—dn VK(t)a} — e AW )], (AL
where
A(v,t) = tsn?vsn® (4K (t)a) — 1 and a =am(4aK(t),t) . (A.12)

Here II(a,m?,t) is the incomplete elliptic integral of the third kind, defined as

K(t) [P do
H(a,m?,t) = ?/0 1—m2sn? (2K (t)o,t) (#.13)

™

The expression for the generating function for the charges of the outgoing string of
“length”-a can be now be written as

T(v;a) =T(y)" +T"(v),

I/ . _ ycen oy 2 12
M0i0) = ~ G ranpey BOVEO T Cela v )y
M (i0) = -y (17) — 20 07?) In A, )]

T Ar1++2sn?v
where the functions B(v,~) and C(v,~) are given by

CH2 1%

2
B(v,v) = (1 —~2)? <(sn21/ —dn’v)a+ - 1) -1 +72)2¥ +2(1 + 4" dn? v,

dn? v

Clv,y) = (1—+2)? <cn2 v <% - 1) 4

—sn? v dn? V> —(1+~*)%en?vdn?y
(A.15)
and the function A(v,t) is given in (jA.12).
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