
      

STONE-WEIERSTRASS THEOREM
G. LAVILLE and I.P. RAMADANOFF

Abstract.-Itwillbeshown thattheStone-WeierstrasstheoremforClifiord-
valuedfunctionsistrueforthecaseofeven dimension.Itremainsvalidfor
theodd dimensionifweadda stability conditionby principalautomorphism.

Introduction.-RecalltheclassicalStone-Weierstrasstheorem: letY be
a metricspace,C(Y ;R) thesetofallcontinuousfunctionsfromY in R,
B ‰ C(Y ;R)a subsetsuch thatB containstheconstantfunction1 andsep-
aratesthepointsofY .Then thealgebraA B (Y ;R),generatedby B isdense
inC(Y ;R)forthetopologyoftheuniformconvergenceon everycompact.

Itiswell-known thatifonesubstitutesthefleldR byC,thenanadditional
hypothesisisneeded,namely: B shouldbe stablewithrespecttocomplex
conjugation.Incaseweareomittingthishypothesisandifwetake,forexam-
ple,Y tobeanopensubsetofC andY = f1;zg,thenwewillgetthealgebra
ofholomorphicfunctions.

Letusmentionthatthecaseoffunctionstakingvaluesinthequaternonian
fleldisknown [2]anditisanalogoustotherealcase.

Here,we willinvestigatethesituationwhen R isreplacedby Rp;q -an
universalClifiordalgebraofRn, n = p+ q,withaquadraticformofsignature
(p;q).Thisstudyismotivatedby thetheoryofmonogenicfunctions[1].The

presentpaperisorganizedasfollows :inthex1 wewillrecallsomenotations
usuallyemployed inClifiordalgebras.The x2 willdealwithsomeelements
ofcombinatorics.The essentialpartofthepaperinthex3 inwhich we give
a formulaallowingtocomputethescalarpartofa given Clifiordnumber.
As an applicationofthisformula,we areabletoprove inx4 thefollowing
Stone-WeierstrasstheoremforC(Y ;Rp;q):

Theorem.- LetY be a metricspace andC(Y ;Rp;q)thesetofallcontinuous
functionsfrom Y toRp;q. LetB ‰ C(Y; Rp;q) be suchthatB containsthe
constantfunction1 and separatesthepointsofY . Ifp+ q isodd,suppose
inadditionthatB isstablewithrespecttotheprincipalautomorphism⁄ .
Then,thealgebra A B (Y ; Rp;q),generated byB ,isdenseinC(Y ; Rp;q) for
thetopologyofuniformconvergence on compactsets.
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1. Notations

Ina ClifiordalgebraRp;q= C0 ' C1 ' ...' Cn,withn = p+ q,thespaces
C0;C1;...;Cn aresupposedtobeofrespectivebasisf1g,fe1;e2;...;eng,

feijgi<j;...;fei1...ik gi1<i2< ¢¢¢<ik
;...;fe1:2...ng,where(i1;...;ik)isa m ultiin-

dexwithi1;...;ik 2 f1;...;ng,1 • i1 < ...< ik • n.The algebraobeysto
thelaws :

8
>><

>>:

e2i = 1; i= 1;...;p
e2i = ¡1; i= p+ 1;...;n
eiej = ¡ejei; i6= j
ei1...ik = ei1ei2 ¢¢¢eik ; fori1 < i2 < ...< ik

W e willmake useofthedecompositionofa Clifiordnumbera initsscalar
(real)parthai0,its1-vectorhai1 2 C1,itsbivectorparthai2 2 C2,etc...up
toitspseudo-scalarparthain 2 Cn,i.e:

a = hai0 + hai1 + ¢¢¢+ hain;

where:

haik =
X

J
jJj= k

aJ eJ:

Where J = (j1;...;jk)isa m ultiindiceandjJ j= k, eJ = ej1 ¢¢¢ejk .

Recallthattheprincipalinvolution⁄ ,theanti-involution⁄ andthereversion
» acton a 2 R0;n asfollows :

a⁄ =
nX

k=0

(¡1)khaik

a⁄ =
nX

k=0

(¡1)
k(k+1)

2 haik

a» =
nX

k=0

(¡1)
k(k¡ 1)

2 haik

Now,deflne

ei =

‰
ei; if 1• i• p
¡ei; if p+ 1• i• p+ q

andeJ = ejk ¢¢¢ej1.
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2. Some combinatorics

Letus studythepartitionofthesetf1;...;ng intwo strictlyordered
subsets:I = fi1;...;ikg andJ = fj1;...;jpg.As forastherelative position
ofJ withrespecttoIisconcerned,wehavedifierentpossiblecases:J\I = ` ;
justonejfi belongstoI;...;‘ among thej0fis belongtoI;...;thelargest
possiblenumberofj0fis belongstoI. Itiseasytocomputethecardinalsof
thecorrespondingsets:

Fortheflrstcase,thecardinalisC p
n¡ k C

supf0;p¡ (n¡ k)g
k .Ifjustonejfi belongs

toI,thenwewillhaveC p¡ 1
n¡ k C

supf0;p¡ (n¡ k)g+1
k andsoon... Inthelastcase,

wewillgetC 0
n¡ k C

inffp;kg
k .

Now,recallthefollowingresultwhich iswell-known inclassicalprobability
theorey[3]:

Lemma 1.-Foreveryk; 0• k • n :

inffp;kgX

‘=sup f0;p¡ (n¡ k)g

C p¡ ‘
n¡ k C

‘
k = C p

n:

Infact,thislemma willnotbe used here,butitselementaryproof,whichwill
be givenbelow,isa source ofinspirationforthenextresult(Lemma 2).

Proof of Lemma 1 { For every k, 0 • k • n, one has
(1+ x)n¡ k(1+ x)k = (1+ x)n,which involves
kX

‘=0

(1+ x)n¡ k C ‘
k x

‘ =
nX

p=0

C p
n xp,andagain:

kX

‘=0

n¡ kX

n=0

C n
n¡ k xn C ‘

k x‘ =
nX

p=0

C p
nx

p. Letus setn + ‘ = p, i.e.

n = p¡ ‘.Then thedoublesum isequalto
kX

‘=0

n¡ k+ ‘X

p= ‘

C p¡ ‘
n¡ k C

‘
kx

p =

nX

p=0

inffp;kgX

‘=sup f0;p¡ (n¡ k)g

C p¡ ‘
n¡ k C

‘
k x

p.

Itjustremainstoindentifythecoe–cientsofxp.Now,weareinaposition
toformulateandprovethefollowing:

Lemma 2.-

nX

p=0

inffp;kgX

‘=sup f0;p¡ (n¡ k)g

(¡1)pk+ ‘ C p¡ ‘
n¡ k C

‘
k =

8
><

>:

0; if 1• k • n ¡ 1
0; if k = n;n even
2n; if k = n;n odd
2n; if k = 0.
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ProofofLemma 2 { Startfrom
(1+ (¡1)kx)n¡ k(1+ (¡1)k+1 x)k =

=
kX

‘=0

(1+ (¡1)kx)n¡ k(¡1)(k+1)‘C ‘
kx

‘ =

=
kX

‘=0

n¡ kX

n=0

(¡1)kn C n
n¡ k x

n(¡1)(k+1)‘ C ‘
k x

‘ =

=
nX

p=0

inffp;kgX

‘=sup f0;p¡ (n¡ k)g

(¡1)pk+ ‘ C p¡ ‘
n¡ k C ‘

k x
p;

becausekn + (k + 1)‘ = pk+ ‘. Thusitisenoughtosetx = 1 and
remarkthat:

(1+ (¡1)k)n¡ k(1+ (¡1)k+1 )k =

8
><

>:

2n; if k = 0
0; if 1• k • n ¡ 1
2n; if k = n;n odd
0; if k = n;n even

3. A formula for the real part of a 2 Rp;q

Lemma 3.-Foreverymultiindice J,we haveeJ eJ = 1.

Lemma 4.- LetI = (i1;...;ik), jI j= k. J = (j1;...;jp), jJ j= p there
isthefollowingequality

nX

p=0

X

jJj= p

eJeIe
J =

n
2n ifk = 0 orifk = n withn odd
0 inothercases

Proof { Decomposethesum
X

jJj= p

ejeIe
J

followingtherelative positionofJ withrespecttoI. IfJ \ I = ` we
haveC p

n¡ kC
0
k such possibilitiesandtheanticommutationgives(¡1)pk.

Ifonlyonejfi 2 I we have C p¡ 1
n¡ k C

1
k such possibilitesandtheanticom-

m utationgives(¡1)(p¡ 1)k (¡1)k¡ 1 andsoon,...,if‘jfi 2 I we have

C (p¡ ‘)k
n¡ k C ‘

k suchpossibilitiesandthecomm utationgives(¡1)(p¡ ‘)k (¡1)‘(k¡ 1).
The sum isequalto

inffp;k)X

‘=sup f0;p¡ (n¡ k)g

(¡1)(p¡ ‘)k (¡1)‘(k¡ 1) C p¡ ‘
n¡ k C

‘
keI

Thuswecouldapplylemma 2 andtheresultfollows.
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The nextresultisa formulaforthescalarpartofa Clifiordnumber.

Theorem 1.-Leta 2 Rp;q.Then :
a) ifn iseven,

hai0 =
1

2n

nX

p=0

X

jJj= p

eJae
J:

b) ifn isodd,

hai0 =
1

2n+1

nX

p=0

X

jJj= p

eJa e
J +

1

2n+1

nX

p=0

X

jJj= p

eJa⁄ e
J:

Proof { When a 2 R0;n,then

a =
nX

k=0

X

jIj= k

aIeI;

whereI = (i1;...;ik),1• i1 < i2 < ...< ik • n.Takethesum

nX

p=0

X

jJj= p

eJa e
J =

X

J

X

I

aI eJ eI e
J:

Now,applylemma 4 :
a) ifn iseven,onegets:

nX

p=0

X

jJj= p

eJa e
J = 2n hai0;

b) ifn isodd,onehas:

nX

p=0

X

jJj= p

eJa e
J = 2n hai0 + 2n hain:

But,inthecasewhen n isodd, ha⁄in = (¡1)n hain = ¡hain.Thus,we
getthepartb)ofthetheorem.
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Remark.- Forn = 1,theprecedingformulabecomesto
4Re a = (a¡ iai)+ (a¡ iai)inR0;1 = C withtheclassicalnotationsof C.

Forn = 2,thismeansthat4Re a = a¡ iai¡ jaj¡ kak in R0;2 = H with
theclassicalnotationsof H, [2].

4. The Stone-Weierstrass theorem for C(Y ;Rp;q).

Theorem 3.-LetY be a metricspace andC (Y ;Rp;q)thesetofcontinuous
functionsfrom Y intoRp;q. LetB ‰ C(Y ; Rp;q) be suchthatB contains
theconstantfunction1 and separatesthepointsofY . When p+ q iseven,
nothingmore issupposed.Ifp+ q isodd,supposeB be stablewithrespectto
theprincipalinvolution⁄.

Then,thealgebra A B (Y ;Rp;q),generated byB ,isdenseinC(Y ;Rp;q)for
thetopologyofuniformconvergence on compact.

Proof { SetA B (Y ; R) forthesubspaceofA B (Y ; Rp;q) consis-
tingofthosefunctionswhich take realvalues.Thisisa realalgebra.
LetA B (Y ; R)I be thesubspaceofA B (Y ; Rp;q) consistingoftheI-
componentsoffunctionsfromA B (Y ;Rp;q).Thus,wehavefI = hf eIi0
andA B (Y ;R)I ‰ A B (Y ;R)by theorem2.
Inthisway,A B (Y ;R)satisflestothehypothesisoftheclassicalStone-
W eierstrasstheoremforrealfunctions.The algebraA B (Y ;R)isconse-
quentlydenseinC(Y ;R).Finally,onecanconcludethat:

A B (Y ;Rp;q)=
M

I

A B (Y ;R)eI

isdenseinC(Y ;Rp;q).

5. A remark

Itshouldbe notedthatthecomputationsofthescalarpartitstrongly
relatedtoformulasrelatedtotheHestenesm ultivectorderivative : see[4],
chapter2.
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