STONE-WEIERSTRASS THEOREM

G. LAVILLE and I.P. RAMADANOFF

Abstract. ttwi | beshanm t hatt heSt one- ¥ er st r aseor erhord i fior d-
val ued uncti omst r ue ort hecaseof evendi mensi onl.tremai nyval i d or
t heodd di nensi oinfwe add a st abi licdondi ti dg pri nci paut onor phi sm

I nt raduction. -Recal It hecl assi cstlone- 8 er stradseorem | etY be
anmetrispace,(Y;R) thesetof al Icorti nousfuncti ofigomY in R,
B % C(Y;R) asubsesud t hatB corn ai ns heconst anf unct i dnand sep-
ar at eshepoi hsof Y. Thent heal gebrAg(Y;R),generat da/ B i sdense
I NnC(Y; R) f ort het oml ogyft heuni f or morver gencen ever yconpact .

| ti swel | - kwo t hati fonesubst i t uttéflel dR by C, t henanaddi t i onal
hy pot hesiissneedednanel y: B shoul de st abl @i t hr espctt oconpl ex
conj ugat i dmcaseaevear eom tti nighi iypot hesiandi fwet ale,f orexam
pl eY tobeanopensubsebfCandyY = f1;zg, t henwew | gett heal gebra
of hol onor phifaunct i ons.

Letusnent i ot hatt hecaseff unct i ohaki ngal uesnt hequat er noni an
flel d sknowmn [ 2Jandi ti sanal ogousot her ealcase.

Here,we wi | i wvest i gatdesi tuati ahen Risreplacesy R, q-an
uni ersadl i fiordl gebraf R", n= p+ g, w t haquadr at ifor nofsi gnat ure
(p;q) . Thi sst udyi snot i at edoy t het heor wf nonogeni ¢ uncti ofpd] The
pr esenpaperi sor gani zessf ol e : i nt heX1 wewi | F ecaldonenot ati ons
usual | gnpl gedi nC i fior dl gebr asthe X2 wi | Idealwi t hsone el enenhs

of conbi nat or i cEhe essen apar tof t hepaperi nt heX3 i nwhi & we gi e
a forml aal lwa ngt oconput et hescal apartof a gi en C i fior cumber .
As an appl i catioft hi §$ or ml a,we ar eabl & opr we i nX4 t hef ol inong
St one- ¥l er st r aseor erhorC(Y ;R o :

Theorem - LetY beanetri sme and (Y ;R ¢ t hesetof all conti nuous
functiofsoomY toR, ¢ Let B % C(Y; Ry o be sucht hatB cont ai nshe
const anfuncti chand se@arat es hepoint®f Y. | fp+ g i sodd, suppse

i naddi ti arhatB i sstablwithresgcttot hepri ncapaut onor phi sim.
Then, t heal gelarAg (Y; Ry ¢, geneat d by B, i sdensei nC(Y; Ry. o for
t het opl gy of uni f or monvegene on conpactset s.

1



1. Notations

Inadifiordl gebrdy q= Co' Ci' ..." Ch,withm= p+ g, t hespaces
Co;Cyq;...;C, aresupmpsed obe of respct iesbasi $1g, fer;e;...;enq,
fe.jgi<j;...;fe.l,,i,kgildzqwk;...;fel;z,,ng,V\/nere(il;...;ik)isamultiin-

dexwithig;...;ix 2 f1;,...;ng, 1 i1 < ...<ix* n. The al gebrabeyst o
t hel aws :

§e2:1 |:1;...;p
e=il i=p+ 1.

2e6 =j6§gé€; i 6]

e, i, = 6,6,0¢,; forig<iz<...<ig

We wi | Imake useof t hedeconposi ti afa d i fiordumberainitscal ar
(realparthaig, itd-vectoiai; 2 Cq, 1t Diectoparthai, 2 Cy, etc... up
t oi t pseudo- scalpar thai, 2 C,,, i

a= haig+ hai; + ¢CC+ haig;

wher e:
X

hai, = a; e;:
J
jJj=k
WhereJ = (j1;...;jk) isamul tiindiacejJj=k, e = g, ¢tlg, .

Recal t hatt hepri nci paivol uti on, t heart i - val ut i dnandt her eer si on
» actona?2 Ryp.,asfol e :

X -

& = (i 1)%haiy
k=0
)@ +1

=" (i1 haig
k=0

a = (| 1)k(k 1) |”a|k
k=0

Now, deflne
%o
e; if leiep

i _
©T je; ifp+tleiep+q

ande’ = &« ¢¢ge:.



2. Some combinatorics
Let us studyt hepartiti ohthesetfl;...;ng i ntwo strictbydered

subsetd:= fiq;...;ikgandJ = fj1;...;jp0. As forast her el até posi ti on
ofJ wi t r espctt ol i sconcer netie havedi fier érpossi bcasesJ\ | = ° ;
j ustonejs belongsol;...;* among thej?s belongol;...; thel ar gest

possi binmumber of j¥s bel ongsol. Iti seasyt oconput et hecar di nalo$
t hecorresmdi nget s
For t heflr stcaset hecar di nalsC/,

tol, t herwewi | have CPi ; CUP' %R (M9 angsoon... I nthel astase,

we wi | getC? , C,""P .

Now, r ecaltlhef ol Wbongr esulwhi &1 i swel | - ko i ncl assi galobabi Vi t
t heor efy3]:

 CoUPTom (N9 £ ystonejy bel ongs

Lenma 1.- Forevery; O ke n:
i n§p; ko N
Cr'?'l « C = Ch:
‘=supfO; @ (ni K)g
I nfactthi $emmawi | not be usel here, buti t £1 enent arpgroof ,whi chwi |
be gi verbel owj sa souce of i nspit i off ort henextresul { Lemma 2) .

Proof of Letma 1 { For eweryk, O ¢ k ¢ n, one has
(1+ x)" K(1+ x)* = (1+ x)", whi & i vol es

(1+ x)"ikc, x = CP xP, andagai n
‘-0 p=0
X gk X
Chix X" Cx = CPxP. Letussetn+ ‘ = p,i.e.

‘=0 n=0 p=0
XK nixk+ " ‘

n=pj ‘. Thenthedoubl sumi sequalt o Crﬁ’: . CxP =
‘0 pe

X0 i n§p: kg N

CPl\ Cy xP. .

p=0 ‘=supfO;p (nj k)g

| tj ust emai nsoi ndehi f yhecoe—ci ensof xP. Now, we ar e naposi tion
t of or ml at end pr we t hef ol Inong:

Lemma 2. - 8
o 0O, if 1e ke nj 1
0 i ngp; kg pket i ¢ ‘_Zo; if k=n;neven
D™ CoikC= Lo i k=n'n odd
p=0 ‘=supfO;p (nj k)g ' 2" if k=0.



Proof of Lenma 2{ Startffrom
(1+ (i D)MR(1+ (5 1)t x)* =

(1+ (§ D) kG D Cex’ =

‘=0
XMk kn ~n n (k+1) * by
= GLYCh e x'(G 1) C, x =

‘=0 n=0
X0 i n§p; g

= (i 1Pk C,ﬁ"lk C, xP;
p=0 ‘=supf0;p (nj k)g
becaus&n + (k + 1) = pk+ ‘. Thusiti senoughtosetx = 1 and
r emar kt hat: 8
2", if k=0

2O; if 1« ke nj 1
> 2", if k=n;n odd
O if k=n;n ewn

(1+ (i DR KL (1)) =

3. A formula for the real part of a2 Ry, g
Lemma 3. - For everywl tiinaikx, we havee; € = 1.

Lemma 4. - Letl = (ig;...;ik), jlj= ki I3 =(1;...5ip), JIj= pthee
I st hef ol owi ngqual ity

XX o0 ifk=0orifk=nwitm odd

J
e g e = .
. O inothercases
p=0 jJj=p

Proof { Deconposet hesu)rP
gee
Ji=p
fol Wongt herel atepositiafJ withrespcttol. 1fJ\ I =" we
have C!. |, C? sut possi bi | i ahd$ heant i conmat at i ogi es(j 1)°¥.
| fonl yonejs 2 | we have C/! L Cl sud possi bi | iarest heart i com
mut at i ogi es(j 1)Pi Yk (; 1) Y andsoon,...,if* ji 2| wehave
Cr(fi"k‘)kC[( sud possi bi | i anésheconmut at i ogi es(j 1)Pi Ik (; 1) ki D,
The sumi sequalt o
i ngp: K
(i 1)Pi k(1) Ki D Crl?ii k CI‘(eI
‘=supfO; @ (ni k)g

Thuswe coul cappl Y emma 2 andt her esulftol ne.
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The nextr esulitsa f or ml af ort hescal apar tofa d i fior dumber .

Theorem 1. - Leta2 Ry, 4 Then:
a) i fniseven,

1 X X
haio = — e;ae:
p=0 jJj=p
b) ifn i sodd,
_ 1 X X ; 1 X X ;
haig = 1 gae + o+ ea €
p=0 jJj=p p=0 jJj=p
Proof { Wen a2 Ry, then
X X
a= a €,
k=0 jlj=k
wherel = (ig;...;ik), 1 i1<iy< ...<ixe* n. Taket hesum
X X X X
e;jae = a e g €:
p=0 jJj=p J |

Now, appl y emma 4 :
a) i fnisewen,onegets

X X ; _
ggae = 2" haig;
P=0 jJj=p

b) ifni sodd, onehas:

X X
e;jae’ = 2" haig+ 2" haip:

p=0 jJj=p

But ,i nt hecasevhenn i sodd, he/ip = (j 1)" hai, = j hai,. Thus,we
gett hepar tb) of t het heorem .
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Remar k. - Forn = 1,t hepr ecedi rfgor ml abeconest o
4Rea= (aj ia)+ (aj iai) inRp.; = Cw t ht hecl assi cadt at i ord C.

Forn= 2,thi sreanst hat4Rea= aj iaij jaji kakinRpp, = Hw th
t hecl assi gadt ati o H, [ 2].

4. The Stone-Weierstrass theorem for C(Y; Ry 9.

Theorem 3. -LetY beanetri smaeandC(Y; Ry ¢ t hesetof conti nuous
functiofsomY intoRy. ¢ LetB % C(Y; Rp. ¢ be sucht hatB cont ai ns
t heconst ant uncti adhand sejrat eq hepoi nt ®f Y. When p+ qi seven,
not hi ngorei ssuppse. | fp+ qi sodd, suppseB be st ablw t lrespctto
t hepri ncapi nvol utin

Then, t heal gelarAg (Y; Rp. ), geneat d byB, i sdenséa nC(Y; R, for
t het opl gy of uni f or monvegene on conpact .

Proof { Set Ag(Y; R) forthesubspacef Ag(Y; Ry ¢ consis-
ti ngpft hosd uncti oméi ¢ t ale r ealval ues.Thi si sa r ealal gebr a.
Let Ag(Y; R); bethesubspacef Ag(Y; Ry 9 consistiafthel-
conponert sof f uncti ofisomAg (Y; Ry o . Thus,we havef, = Hf eig
andAg (Y; R); %Ag(Y; R) by t heor er.

I nt hi svay, Ag (Y; R) sati sfléest hehypot hesiaft hecl assi Gilone-
Wei er st r aseor erhorr ealf unct i onshe al gebrAg (Y; R) i sconse-
qguen | ydensé nC(Y; R).Fi nal | gnecanconcl| udehat:

M
Ag (Y; Rp;o) = Ag (Y; R)e|
|

i sdensé nC(Y; Ry () .

5. A remark

| t shoul e not edt hatt heconput ati onsf t hescal apartitstrongly
rel at edof orml ag el at eldot heHest enesul tiect oderiati®: see[ 4],
chapt er2.
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